This review discusses theoretical and practical developments concerning the He3—He*
dilution refrigerator. Properties of He3—He* solutions are briefly discussed in terms of
the weakly interacting Fermi-Dirac gas model and re-used to calculate the behaviour of
dilution refrigerators. The thermodynamic behaviour of the dilution process is first
discussed, and then an analysis of various types of heat exchangers is presented. The use
of nearly optimum heat exchangers, designed by the method outlined here, can signifi-
cantly reduce the liquid volumes required and/or reduce the low temperature limit of the
continuous dilution refrigerator. With smaller liguid volumes, the refrigerator can be
cooled down and can reach thermal equilibrium more rapidly. Discussions of various
practical considerations and recent developments in hardware are also included. Some
suggestions for future work and speculations on trends are presented.

Dilution refrigerator technology

R. Radebaugh and J. D. Siegwarth

The development of the He3—He? dilution refrigerator has
advanced so rapidly in the last five years that a review of
the work at this time could be helpful to those who are
designing or using such a device. In addition, some new
ideas and concepts are presented. Advances, particularly in
the area of heat exchangers, are still occurring at such a
pace that this review could soon be outdated, at least as far
as practical developments in heat exchangers are concerned.
The theory of the He3—He?# dilution process has played
a significant role in the evolvement of present day dilution
refrigerators, particularly if one recalls that H. London’s
original proposal 1 for the process in 1951 was based on
the theory # of Fermi liquids and preceded by thirteen
years the first refrigerator of Das et al.3 London’s second
proposal,* which utilized the discovery 5 a few years earlier
of phase separation in He3 —He? solutions, was very explicit
regarding the scheme for carrying out the continuous dilu-
tion process and led directly to the first refrigerator of Das
et al, two years later. However, at the time of the first
really successful refrigerators,®>7 the theory was limited to
mostly qualitative ideas, and the few quantitative predic-
tions had not taken into account degenerate effects which
occur in the dilute He3 solutions below a few tenths K.
The theoretical limitations of the refrigerator were not
known. Prodded by the sudden interest in the refrigerators,
the theory of the device as well as practical improvements
advanced rapidly after 1966. Several publications on the
theory have appeared recently where degenerate effects in
the solutions are taken into account. The first of these 8—10
neglected He3—He3 interactions, whereas later papers 11-14
took these weak interactions into account and appear to
give quite accurate results for the thermodynamic behaviour
of the refrigerators. The concepts in these later papers are
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discussed in some detail here. Theoretical advances
beyond this point are now taking place on heat exchanger
behaviour and are, for the most part, more for design infor-
mation than for a basic understanding of the refrigeration
cycle. However, some rather interesting results have come
from the heat exchanger analyses. A very thorough des-
cription of practical considerations for reaching continuous
temperatures of 0-010 K was presented by Wheatley

et al,!3 in 1968. Considerable progress has been made
since that time, and many of these new ideas are discussed.
Since the completion of this work, Wheatley and co-workers
have published 63 an extension to their earlier work.!3
They present much new information on co-axial heat ex-
changers which should be very useful, and point out a
puzzling problem in trying to reach temperatures below
0-010K. )

Properties of He3 —He? solutions 1

A description of the refrigerator naturally depends on the
properties of the working fluid, so first we shall consider 1
some of these properties. Figure 1 is the phase diagram of
He3 —He* solutions and shows that phase separation takes
place below about 0-86 K, as first seen by Walters and
Fairbanks.> If a mixture of He3 and He? containing 2
molar fraction X of He3 is cooled below the phase separd
tion line, the solution separates into two phases. The cot
centrated phase (concentration X, ) floats on top of the
dilute phase (concentration X)). %he two phases are in
equilibrium with each other, just as in the case of a liqu!
and its vapour. Thus the He3 chemical potential, u3, fﬂust
be equal in both phases. The He? in the dilute phase i
superfluid below the A line, whereas in the concentraté
phase it is not. In the dilute phase, then, the relation
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Figure 1. Phase diagram of He3—He? solutions. The data points are
from several authors,15—17 and the detailed behaviour at the inter-
section of the A and phase separation lines is from the work of Graf

etal

must hold 12 in equilibrium, where My is the He?* chemical
potential in solution. In addition to the data points shown
in Figure 1, there are very extensive measurements of the
dilute phase separation line by Ifft et al,1? using dielectric
measurements and later by Schermer et al,20 using neutron
transmission. Unfortunately the two results are not in
perfect agreement. The limiting solubility, X, of He3 in
He* at 0 K is 0-0640 + 0-0007 from the former and

0-0684 + 0-0006 from the latter. Recently other dielectric
measurements 2! and osmotic-pressure measurements 22

givé a value of 0-0660 * 0-0006 for X;,. Accurate numerical
results for the behaviour of the refrigerator rely on a mea-
sured value for Xy. All the results reported here are based
on the figure 0-0640, simply because only that figure was
available when the calculations 1! were made. A different
value for X would alter primarily the heat absorption rate
of the refrigerator and will be discussed later.

Itis apparent from the phase diagram that at tempera-
tures applicable to the dilution refrigerator, dilute He3
solutions and nearly pure He3 are the only solutions pos-
sible. Properties of pure He3 necessary for describing the
tefrigerator have all been measured quite accurately to tem-
peratures as low as a few millikelvin. However little is
known about the properties of concentrated solutions
below 0-4 K, that is, solutions in the range 80—95% He3,
but reasonable estimates can be made. These are the con-
Centrations usually circulated in actual refrigerators, and
the specific heat just below the phase separation tempera-
ture can be considerably higher than for pure He3. This
Places an uncertainty in the behaviour of the higher tem-
Perature part of the refrigerator such as the upper heat
exchangers. Several measurements have been made on
Varioys properties of dilute He3 solutions but, because of
th? added dimensions of concentration, insufficient data
&ist to completely map, from the data alone, the proper-
ties as a function of both temperature and concentration.

Ortunately a rather simple and aecurate theoretical model
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exists for the dilute solutions which can map these proper-
ties after a few parameters are determined from the exist-
ing data. This theoretical model, first progosed by Landau
and Pomeranchuk,3 is that an atom of He3 added to
superfluid He#* should behave as an impurity with an ideal
gas-like energy spectrum of

p?

€ =FEg+ — (2)
2m0

where E|y is the binding energy of the He3 atom to the
surrounding He#, p is the He3 quasiparticle momentum,
and ma‘ is the effective mass of the quasiparticle. As more
He3 atoms are added to the He4, the binding energy and
the effective mass of each quasiparticle begins to change
slightly under the influence of the field set up by the He3
already present. For instance, mg becomes m™ and Eg
goes to E. In addition, a term of higher order than p2 will
contribute to the energy in (2) and is due to exchange scat-
tering of the He3 atoms. In a somewhat more physical
picture, what has been done here is to replace each He3
atom with a fictitious particle known as the He3 quasi-
particle. The He3 atom actually interacts with both the
He* and the other He3 atoms, whereas the quasiparticle is
now a particle interacting only with other He3 quasiparti-
cles. The effect of the He3—He# interaction is now incor-
porated in m* and e, which are different than the bare He3
atomic mass, m3, and energy. Thus at low temperatures,
where the number of He# phonons is extremely small, we
can disregard the He*. This is an especially attractive
model for use with the dilution refrigerator, since in the
refrigerator He3 atoms diffuse through a nearly stationary
He? bath. According to the theoretic model, we then re-
place the He3 atoms by He3 quasiparticles and dispense
with the He* or replace it by a vacuum of ‘ether’.12 What
we have is simple flow of the gas-like, free quasiparticles at
a pressure 7, which is actually the osmotic pressure of He3
in He*. A knowledge of the properties of this gas of He3
quasiparticles would then allow us to analyse the refrigera-
tion cycle.

The earliest attempts to calculate the thermodynamic
properties of dilute He3 solutions treated the He3 quasi-
particle gas as an ideal classical gas, which would have a
molar specific heat at constant concentration or constant
volume of C, = 3R/2 and at constant pressure of C, =
5R/2, where R is the gas constant. These results are valid
only for temperatures much higher than the Fermi tempera-
ture given by

h2(3n2 N 4 [v)?/3
Tp=— 3)
2bkpm*

where h s the reduced Planck’s constant, NV 4 is Avogadro’s
number, v is the volume per mole of He3 in solution, and
kj is Boltzmann’s constant. The behaviour of T is roughly
as X% and is about 0-38 K at X = 6-4%. Obviously, de-
generate effects must be taken into account for tempera-
tures reached in the dilution refrigerator. The first approxi-
mation would neglect any interactions between He3 quasi-
particles. Such an approximation comes fairly close to
experimental results for several properties. The best accu-
racy and internally consistent results occur only when weak
interactions between He3 quasiparticles are taken into
account. Derivation of the effective mass and total energy
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of the quasiparticles from theory alone requires a micro-
scopic theory, which to date is not sufficiently accurate.
Instead, a phenomenological theory by Bardeen, Baym,
and Pines 23 (BBP) can be used to predict the variation of
these two quantities with concentration and by relying on
existing experiments, absolute values can be determined.
BBP first suggested the interaction potential in momentum
space of

V(k) = V; cos (Bk) (4)

to fit spin diffusion results,24 with § = 3-16 A and Vo =
~0-0754 my s*/ny = 1-303 X 10-45 J cm3, where my is
the mass of the He* atom, s is the velocity of first sound in
He* at T = 0, and ny is the number density of pure He? at
T = 0. Ebner 25 devised a slightly different potential which
should be better for higher concentrations. The form of his
potential is much more complicated than (4) and is not
displayed here. All the thermodynamic properties describ-
ed in this paper, and in much more detail in an earlier
work,}1 are based on Ebner’s potential. Improvements in
V(k) can be made to explain better some of the latest heat
of mixing #¢ and osmotic pressure 26-27 measurements.
The interaction potential has a reasonably large influence
in the low temperature limit on such properties of the He3
quasiparticles as the energy and osmotic pressure. It has a
much lesser effect on the effective mass, but it is respons-
ible for the variation of effective mass with concentration.
The interaction has essentially no effect on the specific
heat and entropy providing the proper effective mass is
used.

The details of calculating the thermodynamic properties
of He? in He* using an interaction potential will not be
given here. Such detailed calculations are discussed else-
where 11-13.28 [ngtead, a brief outline will be given of
how the calculations are carried out, and then the impor-
tant thermodynamic properties derived from these calcula-
tions will be discussed. An understanding of the dilution
refrigerator only depends on these resultant properties and
not on the methods used for calculation.

If the He3 atoms were free particles, then all the thermo-
dynamic properties would be just those of an ideal Fermi—
Dirac gas as derived by Stoner.2? When the interaction of
the He3 with the He* bath is turned on, then only two
properties are affected; the internal energy at 0 K is shifted
from 3RTf/5 by the amount £}y and the effective mass
changes from m3 to m§. The phenomenological theory of
BBP requires that this shift in both the energy and effective
mass be determined from experiment. The extrapolation
of osmotic pressure and specific heat measurements to
X = 0 gives the appropriate shifts in the energy and the
effective mass, respectively. The BBP theory then predicts
the additional shift in these two quantities as more and
more He3 is added to the solution and the He3 —He3 inter-
actions become important. The properties of an ideal
Fermi—Dirac gas are still used, but with the appropriate
effective mass, m*, and the shift by £ of the internal
energy. Most existing experimental data agree quite well
with these calculated properties. The specific heat of
course still varies as T for T < T, but the proportionality
constant depends on m*/m3. For T'> T, the term C,
always approaches 3R/2. The calculated osmotic pressure
is shown in Figure 2. Thevalueofrat 7 = Qand X =
Xg = 0064 is 1-63 X 103 N m=2 (12-2 torr), which is
somewhat lower than the recently measured values of
(224 £ 0-05) X 103 N m~2 (16-8 torr) by Landau et al 22
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Figure 2. Calculated osmotic pressure of He3 in liquid He? as a
function of temperature for various He3 concentrations. The curve
Py is the fountain pressure of pure Hed
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Figure 3. Schematic diagram of the mxiing chamber of a continu-
ously operating dilution refrigerator

(2:30£007) X 10° N.m~2 (17-2 torr) by London et a1,
abd 2-16 X 103 N m~2 (162 torr) by Ghozlan et al.3! The
difference, however, has little effect on the analysis of the
dilution refrigerator. Other important thermodynamic
properties are easily derived from the specific heat and
osmotic pressure.

The continuous dilution process

Now let us consider the actual process of dilution as it takes
place in the mixing chamber of a continuously operating
dilution refrigerator under steady state conditions. A sche-
matic of this process is shown in Figure 3. The quantity ‘?f
interest is the heat absorption rate Q. The simplest techn”
que for evaluating Q) is to treat the mixing chamber as an
open thermodynamic system. Such a system is commonly
treated by the engineer but is not very well-known to the

" physicist. The open system to be considered is shown by

the outer dashed line completely enclosing the mixer. The

system is considered an open system since mass is allowed



F enter and leave. Concentrated He? enters at a molar flow
e of i3, and the He3 quasiparticle gas leaves at the same

i rolar flow rate. The process is obviously analogous to the
ntinious vaporization of a liquid. Since no external work
~heing done by the system, and since there is no change in
e internal energy of the system with time for steady state
onditions, conservation of energy, or the first law of ther-
ynamics, for an open system is simply stated as

(

od

o, Ty) = i3 [H3 (X}, T) — H3 (T})] (6)

ghere H3 (X;, T) is the molar enthalpy of He3 along the
pwer phase separation line, and H (T;) is the molar en-
halpy of He3 in the incoming concentrated stream at a
iemperature T;. For nearly pure He3 | the last term on the
i tbecomeng, which for T < 0-04 K is about equal to
12 Ti2 Jmole~1 K=2. The term H; (X;, T) can be evalu-
sed in principle from a table of values for H3 (X, T), but
it temperatures below about 0-1 K the desired result is a
qall difference in two large quantities and, thus, cannot
be found with sufficient accuracy. To get around this di-
lemma, we shall consider an alternative calculation of the
heat absorption rate. Though exactly equivalent to (6),
his second method gives a way of evaluating H3 (X}, T)
pelow 0-1 K much more accurately than the direct evalua-
tion from a table of H3 as a function of X and 7. Con-
ider now a second open thermodynamic system designated
by the inner dashed lines in Figure 3 just around the phase
poundary. Within this very limited system, temperature
equilibrium exists, and.the actual crossing of the phase
houndary by He? is reversible. The total heat absorption
nte in this reversible process is simply

0, = iy TASy = i3 T[S3(X,, T) — S (D)] @)

where S5 and Sg are the molar entropies of He3 in the

dilute and concentrated phases, respectively. But this total
heat actually is coming from two places—the external heat
that is being applied and the heat that is being conducted to
the interface from the incoming warm He3. Thus we write

0, = O+ iy [HS (T)) — H3 ()] (®)
and when combined with (7), this becomes
UT. Ty

—— = T[S3(X;, T) ~ S3(T)]
ns

+HY(T) — HY(T) ©9)

i}flwe compare (9) with (6) and let H§ = HY, we then note
at

Hy(X), T) = HY(T)+ T[S5(X;, T) — SU(T)] (10)

Y’hich says that the enthalpy in the dilute, quasiparticle
8, phase is simply the enthalpy of the quasiparticles in
the strongly interacting, or pure liquid He3, phase plus the
heat required to ‘vaporize’ the quasiparticles into the ‘gas’
Orweakly interacting phase Equation 10 is used to calcu-
lte f73(X, T) below 0-1 K, and for T'< 0-04 K the heat
abSOrption rate of the dilution refrigerator according to (6)
€Comes
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Enthalpy, J mole

OT, T))

ni3

=94 T2 — 1277 J mole—1 K2 (11)

For mixer temperatures considerably above the minimum,
the heat exchangers will be quite efficient and 7; will be
nearly equal to 7. In this case the maximum heat absorp-
tion rate of Q(T, T)/rn; = 82 T2 I mole—! K—2 He3 is
achieved. If Xj were 0-068 instead of 0-064, the head
absorption rate would be 78 T2 J mole~1 K=2. Figure 4
gives curves of H3 (X}, T) and Hg (T), which can be used in
(6) to find the heat absorption rate at higher temperatures.
It is obvious from these curves that the incoming pure He3
can be at a much higher temperature than the outgoing
dilute He3 and still provide refrigeration. From (11) we
find that the refrigeration power goes to zero whenever
T/T; = 0-36. This ratio decreases at higher temperatures
to about 0-25 at T = 0-2 K. The temperature at which
the refrigeration power in a given refrigerator goes to zero
is found from an analysis of the heat exchanger, as will be
discussed later.

The actual processes which are involved to bring about
the continuous dilution are shown schematically in Figure
5. The vacuum pump circulates nearly pure He3 through
the system and compresses the gas to a pressure in the range
25-200 torr. The total molar flow rate can be determined
either with a commercial calorimetric flowmeter or by mea-
suring the pressure drop across a known impedance inserted
in the flow path at room temperature. If the pressure drop,
AP, is much smaller than the absolute pressure, P, then the
total flow rate is simple 7z « PAP, where the proportionality

Hy [X,. 71 /]
Sk QT T A, |

HILT]

Figure 4. Enthalpy and heat absorption curves for calculation of
mixer behaviour
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Figure 5. Schematic diagram of the He3~He? dilution refrigerator

constant can be calculated from the impedance value. A
useful feature of this second technique is that the value of
AP is independent of P and is inversely proportional to the
total flow impedance in the refrigerator, due primarily to
the small capillary below the condenser. Such a relation is
true if only liquid passes through the capillary (see next
paragraph). A decrease in AP immediately signals a block-
ing of the capillary or that some gas is passing through it.
The fraction of He3 in the gas being circulated by the pump
is usually determined with a mass spectrometer leak detec-
tor. This He3/He? ratio can be a very useful bit of diagnos-
tic information. At a pressure of 25200 torr, the gas
condenses in a condenser held at about 1 K by a pumped
He# bath. Helium consumption is much more economical
if the outside bath is left at 4-2 K and only a small pot
inside the vacuum can, fed by a needle valve in the 42 K
bath, is used for the 1 K stage. Progress has been made
recently to either reduce the size of this pumped He? pot
from several hundred cm3, or to eliminate this stage
altogether. If the pumped He* pot can be fed continu-
ously at a rate equal to the consumption rate of helium,
then there is no reason for a large reservoir. DeLong

et al 32 have used a capillary between the 4-2 K bath and

a pumped pot for a few cm? volume maintained at about
1:3 K. The capillary is of sufficient size to give a flow rate
slightly higher than that needed for the expected maximum
power input. With power inputs less than this critical value,
the liquid level rises up the pumping tube to the point
where the necessary additional heat is absorbed from the
4-2 K bath. It is possible to eliminate the He* pot entirely
if a Joule—Thomson circuit for the He3 liquefication is
employed.33 In this case the vacuum pump needs to be
backed by a compressor to bring the pressure up to about
4 atm (0-4 MN m—2).

After the He3 is liquefied, either in a conventional cop.
denser or by the Joule—Thomson technique, the pressure
on the liquid is then reduced by passing through a capillary,
There are two rather important points which need to be
observed at this point. First the condensing rate of the
empty condenser must be higher than the flow rate through
the capillary. When this is so, the condenser begins to fij
up and thus réduce the condensing rate due to a loss of
condensing surface area. At some point, the condensing
rate then equals the flow rate through the capillary and the
condenser is running partially full. If the condensing rate
is too small or the capillary impedance too small, then
some gas will pass through the capillary and put a heat load
on the still and possibly the warmer heat exchangers, One
must also be careful to maintain the pressure in the still
exchanger to at least the vapour pressure of He3 at the still
temperature, to prevent gas formation due to vaporization,
This is usually done 13 by putting a second capillary below
the still. It would be possible to place the entire impedance
anywhere below the still, but above about 0-2 K, and yet
have negligible viscous heating. However, it would not be
wise to have much of a pressure drop in the He3 stream
below the still because of the temperature rise which occurs
upon the isenthalpic expansion of the liquid. The general
thermodynamic expression for the change in temperature
with pressure in a constant enthalpy process is given by

aT 1 av
G), = ol ()]
oP/y ¢, oT/ p -

where C, is the molar specific heat at constant pressure and
v is the molar volume. For pure liquid He3 at these low-
temperatures, the second term within the brackets in the
above equation is negligible and C, is essentially identical to
Cg for the low pressures used in a dilution refrigerator.
Thus, we have the expression (07/dP)y = —vg/Cg, which at
0-7 K has the value —10 puK per (N m—2) or —1-3 mK torr !
At 0-2 K, these numbers are about 35% higher. A pressure
drop below the still on the order of 100 torr (1-3 X 10*
N m~2) would then place a fairly heavy load on the followin
heat exchanger. The second capillary should then be de-
signed to produce a pressure drop of the order of only
10 torr (1-3 X 103 N m~2), which would allow the still to
operate as high as 1 K before vapour formed in the still
heat exchanger. Provided the second capillary is not
thermally anchored to the still, any gas formation in this
second capillary is of only small consequence, since it 1é-
duces the temperature of the He? stream and does not
change the enthalpy. The only effect on the heat ex-
changers is then due to a reduced temperature difference
available for the heat transfer. Usually the hydrostatic
head below the second capillary is sufficient to suppress
any gas formation there.

The He3 liquid then enters the main heat exchanger
and exits at a temperature T, which is the inlet temperd
ture to the mixing chamber. A small amount of He™ 1n
the circulated He3 will not have much direct effect on the
behaviour in the mixer but it can in the heat exchanger:
The effective specific heat 1© of solutions in the range
80—95% He3 can be at least double that for pure He3 for
temperatures of 0-2—0-6 K. Thus He# circulation puts 2
much higher load on the warmer heat exchangers and leads
to a higher mixer temperature. Use of an He# film sur”
pressing still 3# permits He3 concentrations of about 95%
to be circulated, which is much higher than that ysually
attained with the conventional orifice type of still. J



The driving process for dilution in the mixing chamber
_prought about by the depletion of He3 from the dilute
'51 o in equilibrium with the pure He3 phase. The
jetion actually occurs in the still at about 0-7 K, where
at iS applied to cause vaporization. Since the vapour
essure Of He3 is much higher than that of He* at this tem-
p;[am;e, the gas given off is nearly pure He3 which returns
- the pump- As the He3 is removed from the dilute solu-
jon in the still, He3 diffuses through the stationary Het
fom the mixer to the still. Ideally, the He3 diffusion, or
He3 quasiparticle gas flow, is at constant osmotic pressure,
ot A0Y impedance in the heat exchangers causes some pres-
e drop. The osmotic pressure curves of Figure 2 show
' pat for low mixer temperatures the concentration in the
il at about 0-7 K will be approximately 1% He3. Any
jgmotic pressure drop in the heat exchanger will reduce this
Concentration and cause an increase in the amount of He?t
saporated in the still. However, pressure drops of the
oder of 15 torr should not significantly increase the Het
drculation. The flow of cold He3 quasiparticle gas from
he mixer to the still is utilized by the heat exchanger to
wol the incoming pure He3 liquid. The specific heat that
sbeing used in the dilute side of the heat exchanger is the
specific heat at constant osmotic pressure, or more exactly,
ot constant pyg. This calculated specific heat is shown in
Figure 6. The various mixer temperatures 7, represent
different osmotic pressures. The limiting low temperature
behaviour of G, = 107-2 T Jmole™! K= 2 isjust C, fora
¢4% solution. The 5R/2 behaviour at higher temperatures
isjust that of an ideal classical gas at constant pressure.
The fairly rapid rise in G, at the highest temperatures is
aresult of the rapidly increasing fountain pressure reduc-
ng the equilibrium concentration. The high initial values
of Gy, for the high mixer temperatures are due to the

| He3—He3 interactions becoming fairly strong at the high

concentrations present at these high mixer temperatures.

' Fortunately, C,, is much higher than Cg at all tempera-

tures, for if the opposite were true, the dilute stream would
have little cooling power on the incoming pure He3

| The single-cycle dilution processes

Several techniques exist whereby the refrigerator may be
operated for a certain period of time without the need of
cooling incoming warm He3. These are known as one-shot,
or single cycle, processes and produce temporary refrigera-
tion from a reservoir of He3. Vilches and Wheatley 10
reached about 4-5 mK with the more common of these
one-shot processes (simply stopping the return He3 flow in
the continuous process) and maintained that temperature
about an hour before depleting the He3 reservoir. This

low temperature limit is in rough agreement with the cal-
culated expression !

T, =(4mK)yd-18 (12)

Where d is the diameter of the exit tube in mm. This

exPre'ssion is derived by considering the viscous heating of
the ditute He3 passing through the exit tube and the con-

| duction of this heat back to the mixer through the liquid
, Steam. Such a temperature serves as the lower limit one

l ight hope to reach in a continuous refrigerator with nearly

Is)teffect heat exchange between the concentrated and dilute
Teams,

The mixer behaviour in all of the one-shot processes is
trived by again considering the mixer to be an open
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Figure 6. Calculated specific heat of He4 at constant by

thermodynamic system. The time rate of entropy change

~ for the total system is then

0,
St=}+n3s3 14 S4 (13)

where 13 and n, are the molar flow rates of He? quasi-
particles and of pure He# into the mixer. Note that these
are externally measured flow rates. The total system
entropy is expressed as

Sy = ngSy +n3sy (14)

where n; is the number of moles of dilute solution with
entropy S and rzg is the number of moles of pure He3
present-at entropy Sg). In almost all situations of interest,
the term nyS, is just n3 453, where n3 4 is the number of
moles of He3 in the dilute solution. Equations 13 and 14
can be used to describe any one-shot process. Two single
cycle techniques exist, which we shall call (i) the He3
removal and (ii) the He# input processes. Each of these, in
turn, can pass through two different stages — one where a
pure He3 phase is present and the other where it is not. The
He3 removal process, with the pure He3 phase present, as
mentioned previously, is the more common. In that situa-
tion 714 in (13) is zero. Combining (13) and (14) along with
the fact that ny = i34 + ng leads to the equation

ar Q/Ad + (S5 — SHT

= (15)
d(nd/ng)  (n3/ng)CY + (n34/n0)Cs

where Cg and C3 are the He? molar specific heats in the
pure and dilute phases and 71, is the moles of He3 originally
in the pure phase. For isothermal behaviour we simply
have

= (83 - ST (16)

So| ©

where the right side is just 82 72 Jmole~! K=2 for T
T < 40 mK. Note that the molar flow rate involved is ng,
the rate He3 is passing across the phase boundary, and is a
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negative number for He* leaving the concentrated phase.
This flow rate is different 35 than the flow rate n3, leaving
the mixer and entering the pump, because some of the
pure He3, along with a back flow of He# , is used to produce
additional dilute solution to replace the volume of concen-
trated solution removed. The two flow rates are related by
the expression
a3
0
V3

b3

20
n3—

(17)

where vg and vy are the molar volumes of He? in the pure
and dilute phases. For T<<0-1 K we get ng = 1-091 ns.
Experimentally,!0 the one shot refrigerator could absorb
(83 £4)T? T mole~! K—2, but it is not clear whether 3
or i3 was used to arrive at such a number. The over-all
transient behaviour of the He3 removal process can only be
found from a numerical solution of (15). The results of

such a solution are shown in Figure 7. The initial conditions

used for these calculated results were those used for the
experimental results, also shown in Figure 7. Agreement
between the two sets of curves is good. Theoretically, it
should be possible to reach the lower limit, given by (12),
starting with the mixer at 0-3 K, but the one attempt 33
reached only 27 mK before depleting the He3 reservoir.
The reason for this discrepancy is unclear. After the pure
He3 phase is depleted, the second stage of the He3 re-
moval process is entered. This stage, called ‘extraction
cooling’, has been observed,35 but appears to have little
practical importance. The reader is referred to reference
11 for additional details.

The He* input process for one-shot operation has the
advantage of not being limited by viscous heating of the
flowing liquid because the He?# is superfluid. A superleak
is necessary to add the He?* in a reversible manner.36 A
successful amount of cooling using this process has not
been achieved, but it has the potential for reaching tem-
peratures in the range of a few tenths millikelvin.11.37 Ap
ingeneous suggestion by Edwards 37 shows how to use a
continuous dilution refrigerator both as a pre-cooling stage
and as a source of He? to be fed through a superleak to a
separate He3 chamber.

Heat exchangers

The lowest temperature which can be reached in a con-
tinuously operating dilution refrigerator is determined by
the quality of the heat exchangers. Until recently, a
detailed study of heat exchangers had not been done,
except for practical schemes of increasing the surface

area. The most common of these schemes has been the use
of sintered copper powder 13 or of closely spaced copper
foils 38 in a series of copper blocks connected by small
tubing. Obviously, by increasing the size and number of
these heat exchangers, excellent heat transfer and very low
temperatures can be achieved. The disadvantage is that
long times will be required to condense and cool-down the
large amount of He3 and He? in the system. Also, equili-
brium times for a change in mixer temperature are
increased. The use of smaller optimal heat exchangers cuts
down on some of this ‘dead’ time and makes the refrigera-
tor more productive. The theoretical groundwork for the
design of more nearly optimal exchangers is near comple-
tion, but the practical developments may be just beginning.

A7

Only the case of zero heat input to the mixer is considereq
here since the desirable low temperature limit usually
imposes the most stringent requirements on the heat
exchangers.

Classification. In discussing heat exchangers, we need somge
scheme of classification for the different possible types,
The terms continuous and discrete have had widespread
use. Here we define a continuous exchanger as one in
which there are no discontinuous changes in physical para-
meters between points at two different temperatures, for
example, co-axial Cu—Ni tubes between the still and mixer,
The temperature gradients are then continuous functions
of position. A discrete exchanger is one which is isolated
from the end points by relatively low heat conductance
paths, for example, a sintered copper exchanger connec-
ted via small diameter Cu—Ni tubes. Whether a particular
heat exchanger should be used in a continuous or discrete
fashion depends on the heat conductances in the axial
direction along the liquid streams and the body walls,
Only when this heat conductance is small compared with
the total heat transferred should it be used in a continuous
manner. In quantitative terms, this condition is expressed
by

Y=Z:szZ:KfAf <1, (18)
7 ]

LinsC;

where k is the thermal conductivity, 4 is the cross-sectional
area, L is the total length, and C is the He3 molar specific
heat. The index j takes on the three subscripts, ¢, d, and b,
which refer to the concentrated and dilute liquid streams,
and the body material, respectively. However, C}, is not the
specific heat of the body, but should best be given the value
of C;. The term C is the same as the specific heat Cyy dis
cussed earlier. We may substitute into (18) the approximate
value

B; = x;/C;=4X 1075 moles™l em~!  j=¢,d (19)

We define an ideal continuous exchanger as one in
which Y is zero; or in terms of the axial thermal conduc-
tance, K = k A/L, this condition may be represented by
the expression

Ky, K;) = (0,0) (20)

where the subscript / refers to both liquid streams.
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Figure 7. Calculated temperature dependence of the fraction of

pure He3 phase remaining in the mixing chamber of a one-shot &
tion refrigerator compared with experiment 1
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yhenever (18) does not hold, it is then best to break

F exchanger into one or more isolated segments (discrete
texchangers) to reduce the axial heat flow. The

h”e ; the value of Y, the more segments required to

wgieve the desired mixer temperature. The upper limit on

’ereqmred number of segments is reached when the

Y uid.aﬂd/or body conductivity becomes large. This limit

V isexpressed quantitatively as

" kAiPy

b

>1 j=cd b (21)

fere P is the Kapitza resistivity and o is the heat transfer

' face area in the exchanger. Again, we require that p,

d 0 De given the values p; and 0. It is unfortunate

frat neither Y nor W, alone is the ideal parameter to use
prboth the high and low conductivity limits, although W;
isused over the whole range with fairly good success later

i this paper. Unlike (18), it is possible for (21) to be satis-
fied in several different ways. However, to simplify the
dssification, we treat the two liquid streams together and
wnsider the cases where Wy and/or W, are infinite. Expand-
g on the representation in (20), we might represent the
jour extremes in heat exchanger behaviour in the following

manner:

i 0,0 0,
Ky KD = ( ) (22)

oo’() 00 oo

| keeping in mind that the test for zero behaviour is with

the value of Y}, or Y} and the test for infinite behaviour is

yith Wy, or W;. Equation 22 may be thought of as repre-
gnting the four corners of an entire surface of heat

' exchanger behaviour. The performance might be charac-
terized by the parameter

T

ci

T

co

T

co

(23)

(121
11

where T,; and T, are the inlet and outlet temperature of
the concentrated stream in the exchanger. Note that the
parameter e defined here is entirely different than the well-
known heat exchanger effectiveness, which is the ratio of
the actual heat transferred in a given exchanger to the maxi-
mum possible rate of heat exchange, that is, with an ideal
tontinuous exchanger of infinite surface area. Use of the
parameter € from (23), rather than effectiveness, simplifies
the heat exchanger calculations and discussions. The rela-
tive behaviour of the various types of heat exchangers can
l{e visualized in Figure 8. In this figure the elevation of

the surface represented in (22) is given by €/o, where g is
the heat transfer surface area. The flow rate, f13, is held
fixed. Note that the (0, =) corner has the same behaviour
3the (o0, o) corner. This is so because the body in the
(0,) case will be maintained at a constant temperature
throughout by the liquid and thus behave no differently
than if the body had infinite conductivity.

The behaviour of the most general type of heat exchan-
ge.r, that is, one on the interior surface in Figure 8, can in
Principle be calculated, but with considerable effort. It is
Pfol?ably sufficient, however, to examine only the cases in

¢ iImmediate vicinity of (0, 0) and those along the.

b= edge in detail. In these cases the heat exchanger
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behaviour is found by solving, numerically, two coupled
differential equations of the form:

d2T dk; dT\2| do T dT
P P ey
dx? 4T \dx & Jp, p

thermal Kapitza
conduction conduction
5.3 dz dTr
+nv3n3 — = n3C3 —
dx dx
viscous enthalpy
heating change (24)

where do/dx is the surface area per unit length,  is the
viscosity, 5 is the volume of solution per mole of He3,
and dz/dx is the flow impedance per unit length. Other
symbols have been defined previously. Temperatures are
assumed to be uniform in the direction perpendicular to
the flow, and the viscous heating term is neglected for the
time being. Details of the calculations are discussed by
Siegwarth and Radebaugh 39

Continuous heat exchangers. The results of calculations
for the ideal continuous heat exchanger, or the (0, 0) case,
are shown in Figure 9 for three difference values of
Kapitza resistivity. The curves are valid for the case of
95% He3 on the concentrated side.39 A concentration of
90% He3 would raise the curves about 2%. The still tem-
perature can be varied between 0-5 and 1:0 K with less
than 1% effect on the curves. For o;/0, = 1, the curves
are raised by about 4%, and at 04/0, = 2 the curves are
lowered by 1-4%. Thus little is gained by increasing g4
only, since the dominant resistance is due to p,. Those
interested in the curves off to the right of Figure 9 can
use the relation

172

o.\
Tm = a( —) (25)
ns

Figure 8. A qualitative sketch of the heat exchanger performance
parameter ¢, per unit surface area, o, in the plane of axiai thermal
conductance, K, for both the body and liquid. The lightly shaded
area shows the region where a continuous exchanger may be used
and the two solid black areas indicate the position of most ex-
changers used presently. The four corners are represented by the
four extremes in the quantity (Kg, Kp)
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Figure 9. Minimum mixer temperature as a function of the con-
centrated stream surface area divided by He3 flow rate for an ideal
continuous heat exchanger. The upper curve is for p. and pyg the
same as for copper. The middle curve is for p, and py reduced by
the factor 1-8, and the lower curve is for a reduction factor of
20/3. The experimental points are from Anderson 40 and
Wheatley 41

where a depends on the heat exchanger material. Approxi-
mate values of a in units of (K cm s1/2 mole 112) are:
copper, 36; Cu—Ni, 27; and plastic, 15. Equation 25 should
hold to better than about 5% for T, <15 mK. Equation
25 also follows from Neganov’s 40 equation (22). In fact,
he very nicely analysed dilution refrigerator exchangers
and presents an equation for the behaviour of any type of
heat exchanger. However, the equation has certain limita-
tions when applied to discrete exchangers, and for both
discrete and continuous exchangers it becomes difficult

to use accurately when the concentrated He3 stream is
above about 0-1 K. The reason is that H(3) is no longer even
approximately proportional to 72.

Also shown in Figure 9 are two sets of experimental
data points 41,42 obtained with co-axial Cu—Ni tubing
heat exchangers. These two exchangers have a value of Y
in (18) of about 10~3; thus, they can essentially be con-
sidered ideal continuous exchangers. The point of
Anderson 40 is above the calculated curve and is probably
because T, was measured outside the mixing chamber.
Both points of Wheatley 41 (taken with two different
flow rates) agree very well with the middle curve and
suggest that the Kapitza resistance to the Cu—Ni tubes is
about 1-8 times smaller than to copper. (Additional points
just published by Wheatley et al,63 also agree with the
middle curve.) The Kapitza resistance to Epibond 100A 43

-~

and probably most plastics, is about a factor of 20/3
smaller than to pure copper, so T,, would be given by the
lower curve in Figure 9. The ordinate on this curve is
simply shifted by a factor of 20/3 from the upper cruve,
Thus, plastic appears to be an especially attractive mat.
erial for improved heat exchangers of the future. The firg
to consider plastic heat exchar}‘gers for the dilution refrige.
rator was probably Sydoriak 4

As one moves out on the K axis away from the (0, 0)
corner, the thermal conduction term in (24) must be
included. However, it has been shown 37 that even for
values of ¥ as high as 0-2, the resultant mixer temperature
can be determined accurately to better than 6% simply by
multiplying the mixer temperature of the ideal continuous
exchanger by the quantity (1 + Y). This should be nearly
true even for Y composed entirely of Y. For much
higher values of Y, the curve is no longer dependent solely
on Y and o,/n3. However, there appears to be little prac-
tical demand for exchangers which have Y > 0-2 but which
still are not in the region of K;, = oo

Discrete heat exchangers. Analysing discrete heat exchanger
along the K = oo edge is much more complicated than for
the ideal continuous exchanger. The behaviour depends on
additional parameters, such as the number of segments
(copper blocks) and the distribution of the total surface
area among the various segments. First we consider the
case of a set of perfect discrete heat exchangers, that is,
each segment contains an infinite surface area. The beha-
viour is determined 28 directly from an enthalpy balance
between the dilute and concentrated streams and is shown
in Figure 10 for various concentrated stream inlet tempera-
tures. For the inlet temperatures of 0-05, 0-1, and 0-2K,
there is negligible difference between the pure He® and 95%
He3 cases. These curves show that at least four exchangers
are required to reach 10 mK for 7; = 0-7K, but thatifa
continuous exchanger is used to give T; = 0-1 K, thena
minimum of two discrete exchangers are required. The
exchanger temperatures as well as the mixer temperature
behave approximately as e—7/1-38 where n is the number of
exchangers. This relationship means that the temperature
ratio of the j-I to the jth exchanger, given by

iy (T

§,= — = A (26)
T Mgy

is nearly constant. The subscript p refers to the perfect dis
crete exchanger, and T,; and T, are the concentrated
stream inlet and outlet temperatures, respectively. The valve
of 3, depends somewhat on temperature and also on the
mixer temperature. In most cases we can use the value

& =2-3 for the last exchanger when T, < 0-025 K. For
aﬁ other exchangers we have

_ 2 7
5, = 2:1+6T,, +20T%, T,<02K )
where T, is in K.

For any real heat exchanger, discrete or continuous,
might define the term 6 as

we

~

ci (28)

(=]
I
g7 |

0

which for a real discrete heat exchanger will be less thandp

at the same T,,. The term €, defined in (23), is then
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n, number of heat exchangers

Figure 10. Calculated mixer temperatures as a function of the num-
ber of perfect discrete heat exchangers for various concentrated
stream inlet temperatures

related to § by the equation e = § — 1. For discrete
txchangers near the K, = 0 edge, a measure of how well
the exchanger is performing relative to a perfect discrete

lelxchanger is given by the relative effectiveness, R, defined
ere as

€ 6—1
R= —=—1 (29)
€p 5p—1

For a given surface area, the value of R will depend on
¥here along the K p = o edge the discrete exchanger is
beated. For the sintered copper or copper foil exchangers
“mmonly used, W., Wy, and W, each have values of at
‘st 1 and usually much higher for exchanger temperatures
ound 50 mK and below. But, at about 0-1 K or higher,
1may be the order of or even less than 0-1. A value of
10f0-1 gives a behaviour about midway between the 0
2:“1 * liquid conductivity cases, Thus, presently used dis-
; elte exchangers range from the (%, %) corner for the
Oldest exchanger and begin to approach the (oo, 0) corner
O the warmest exchanger. The solid black areas in
c;il?e 8 show this region, as well as the region where most
uous exchangers are located.
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The behaviour of discrete exchangers at the (o0, o0)
corner is determined from a set of algebraic equations which
equate the heat flow across the body wall to the enthalpy
changes in the two streams.3%-40 The behaviour anywhere
else along the K, = oo edge is found from solving the dif-
ferential equations in (24). Figure 11 shows the calcu-
lated 39 temperature profiles of a typical discrete exchanger
(Wd =~ 7; W, =~ 3-4) and also the profiles for the case where
K} is set to zero for the same exchanger. The mixer tem-
perature was held at 10 mK for both cases. Note that with
high values of W, most of the temperature changes in the
streams occur in the small interconnecting tubes just prior
to entering the exchanger. The figure also shows that the
k; = 0 case produces a much greater total temperature
change in the liquid streams, which means a higher value of
e/a. However, this case still has a lower €/o than does the
ideal continuous exchanger of the (0, 0) corner (see
Figure 8). A proposed 39 means of making all presently
designed discrete exchangers approach the (e, 0) corner,
and thereby improving their performance, is by inserting
within the exchangers a few partitions, each containing a
small hole, such that (18) will hold for the liquid streams in
the hole. A drawing of one side of such an exchanger is
shown in Figure 12. Because of the high Kapitza resistance,
the partitions allow the liquid in one compartment to be
thermally isolated from the liquid in the adjacent compart-
ment. With three or four partitions, an exchanger which
originally behaved like the (e, ) extreme can be made to
approach the (oo, 0) behaviour quite closely. Thus for the

60T 56:9mK
| \ KO
‘\ KgtO
50— 1
- \‘\
40-5mK \
- 40F N\ \Concentrcned stream
\ \
_ Yoo\
\.
X a
= 301 O~ 27-8mK
ST | —— T ~265MK
20+ Tb =19-8mK ~N
16-8mK N\,
r Dilute stream \‘ \
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o Tube Sintered heo}. exchanger Tube
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@) 05 1-0
Position,cm

Figure 11. Calculated liquid and body temperature profiles within
and just outside a typical discrete type heat exchanger for a mixer
temperature of 10 mK. One set of curves is for a liquid conductivity,
Ky, of zero, and the other set is for the correct values of x;. The
liquid volume on the concentrated side is 0-85 cm3, and the dilute
liquid volume is 2-1 times as large. The surface area per unit liquid
votume is 400 cm—1
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Figure 12. One side of a discrete heat exchanger with partitions for
reducing liquid conductance. The radial grooves prevent a high flow
impedance. The thickness of the discs might typically be approxi-
mately 1 mm and the orifice slightly smaller than the diameter of
the interconnecting tubing

same €, the surface area can be decreased a factor of three
or even more, depending on the value of R. Of course, the
partitions are of little use for exchangers which already
have a small liquid conductance.

The maximum heat transfer within a discrete exchanger
occurs 3% when 85 mole % of the total He3 is on the con-
centrated side and 15 mole % on the dilute side, provided
the surface areas per unit volume are equal on the two
sides. These figures correspond to a ratio of 2-1 for the
dilute to concentrated stream volumes in the lowest
exchanger. The optimum ratio increases for the warmer
exchangers because of the decreased concentration in the
dilute stream at high temperatures. All the analyses dis-
cussed here for discrete exchangers are for this optimum
ratio of volumes.

The design of an optimum set of discrete heat exchan-
gers is carried out as follows. With a concentrated stream
temperature of T ; at the inlet to the exchanger, we choose
a desired mixer temperature, T,,,. The number of discrete
exchangers is chosen to be equal to or greater than the mini-
mum indicated in Figure 10. A larger number of exchan-
gers requires less total He3, but increases the complexity
and the possibility of a leak. A suitable compromise must
be chosen by the designer. The value of § for each
exchanger must be such that

818y...5, = (30)

where 7 is the ratio of T, to T, of the nth exchanger and
has the value 0-36 for T,, < 0-04 K. A possible way of
choosing the various §s is to make them all equal, or,
perhaps, to make all the Rs equal. Such a choice takes a
somewhat larger quantity of liquid than for an optimum
combination of Rs. For all Rs between about 20% and
90%, the total surface area has a broad minimum for
various combinations of R. The minimum does occur when
the value of R is lowest for the coldest exchanger and
highest for the warmest exchanger. Typical optimum
values of R for a set of three exchangers could be 40%,
65% and 88%, but for all R < 90% these numbers could be
changed by 10% with only a few percent increase in the
liquid volume required. Of course, the combination must
be such that (30) holds.

8o/ny. cm2s/pmole;1

The proper values of R, so chosen, are now used with
Figures 13 a or b, taken from preliminary work of Siegwarty,
and Radebaugh, to find the surface areas required on the
concentrated side in each discrete exchanger made of
copper. The surface area required on the dilute side varie«
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flow rate required in a single discrete heat exchanger as a func o
the concentrated stream outlet temperature, T, for various \{all{ te
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discrete exchanger which has zero liquid conductance, or Y=
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mabout 21 to 27 times the surface area on the con-
qtrated side as T, varies from 20 to 100 mK. Figure

cg p is for (20, 0) exchangers. For most real exchangers in

ghich three or four partitions are used in the lower

pxchangers Figure 13 b may be used; but since K for these

el exchangers is finite, about 10—20% additional surface

el should be added to the value derived from the figure

| foran R yalue of 0-2%. As R is increased to 0-8, the addi-

’ jonal surface area increases to 20—50%. For intermediate
 lues of W, and a given g,/ft3 and T, the value of R will
be somewhat between that given in Figures 13 a and b. If

we define 7= (R — R.)/(Ry — R..), where Ry and R.. are

he values of R for 0 and <= conductance, then r =~ 0-95,
¢5,and 0-1 for W, of 0-01, 0-1, and O-1, respectively.

The curves in Figures 13 a and b are based on Kapitza resis-
tance measurements between pure He? and electro-polished
copper 43 and measurements between saturated He3 —He*
wlutions and non-electropolished copper.!3 The thermal
poundary resistance which occurs in actual heat exchangers,
ysually annealed in a hydrogen atmosphere, could be dif-
ferent, although the long phonon wavelengths at these
temperatures should make the Kapitza resistance rather
insensitive to surface condition, unlike the case at higher
temperatures. Results in our laboratory show that the
poundary resistance below 0-1 K between — 325 mesh
sintered copper powder (av particle dia = 27 um) and a
saturated He3 —He#4 solution is such that an ‘effective’ sur-
face area of about 1000 cm? per cm?3 of liquid is realized
with a 40% packing fraction. Smaller particle sizes give
smaller ‘effective’ surface areas. Considerably more work is
needed on this subject. In any case, if future measurements
give different resistances than those used in the calculations
for Figures 13 a and b, the required areas shown in these
figures need only be scaled in proportion to the boundary
resistance.

For a mixer temperature of T, the value of T, to use
in Figure 13 for the lowest exchanger isjust T, = T, /vy~
T,/0-36. ‘For that exchanger, the term (§ — 1) is calculated
from (29) using 6p = 2-3 and the desired value of R. From
(28), the inlet temperature T is found, and this is the
value of T, to be used in Figure 13 for the next exchanger.
The proper value of § , to use for the succeeding exchangers
isgiven by (27).

A typical example may have T,,, = 10 mK and a heat ex-
changer inlet temperature of 0-2 K. This inlet temperature
is achieved with a continuous exchanger designed to give a
T, of 0-2 y K = 70 mK, which from Figure 9 requires a

0,/ny of 0-05 cm? s umole~1. A set of Rs for three dis-
crete exchangers which is consistent with (30) and gives
approximately the minimum liquid volume is 40%, 65%,
and 88%. Values of o,/i13 required are then about 11, 7,
and 24 cm? s umole~1 for the coldest to warmest exchan-
gers. Note the rapid decrease in size for each succeedingly
Warmer exchanger. For 13 = 20 umole s~! and a surface
area per liquid volume of /¥ = 15000 cm~!, the warmest
exchanger contains only 0-032 cm3 liquid on the concen-
trated side. One more discrete exchanger would have a
volume comparable to that in the interconnecting tubes,
and so it then would be wise to use a continuous exchanger
Instead of the discrete exchanger for higher temperatures.
The continuous exchanger has no theoretical advantage in
€/V at higher temperatures except that the over-all value of
o/V of the discrete exchanger is reduced considerably when
the volume of the interconnecting tubes are included in V.

Reduction of liquid volumes. We now turn to the question
of obtaining the maximum e/¥ for any heat exchanger.
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Values of the quantity e/o can be determined from the
previous discussions and are shown qualitatively in Figure
8. For most co-axial tube exchangers, we have o/V =~
80 cm~! for the concentrated side, whereas in sintered
copper or copper foil exchangers this ratio may be as high
as 1 500 cm~*. Thus, these discrete exchangers have signifi-
cantly larger values of €/V than the coaxial tube exchangers,
except when R for the discrete exchangers is quite close to
100%. Our first thought, then, is to obtain even higher
values of €/V in sintered copper exchangers by using
copper powder of smaller diameter than the 44 um
(—325 mesh) size customarily used. The impedance prob-
lem at the lowest temperatures is easily overcome because
of the high thermal conductivity of the liquids. A small
hole through the centre of the sintered powder will reduce
the flow impedance considerably but will have little effect
on the thermal behaviour,45 whenever W, > 1 in the radial
direction, unless the pore size becomes somewhat smaller
than even the He3 quasiparticle mean free path (~1 um at
10 mK). The use of smaller copper powder, based on pre-
liminary measurements in our laboratory, decreases e/V
slightly below that for 44 um dia powder, because of a
thermal resistance due to phonon—electron 46 and phonon—
quasiparticle relaxation effects possibly in the small par-
ticle and pore sizes. These additional resistances occur
when the phonon mean free path, due to collisions with
electrons in the metal or due to collisions with He3 quasi-
particles in the liquid, becomes greater than the particle
size or pore size, respectively. These effects need to be
considered, sintered copper heat exchanger, energy must
be transferred from the electrons to the quasiparticles via
the phonons. The phonon mean free path in the liquid has
been shown by Baym and Ebner 47 to increase very rapidly
as the temperature is decreased. For an He3 concentration
of 5% at 20 mK, the phonon mean free path is 13-5 mm.
The mean free path of the dominant phonons in copper at
20 mK, according to equation 2 of Pippard,*8 is 0-74 mm
and proportional to 1/7. The two mean free paths become
equal for a temperature of about 0-2 K. However, because
of the much higher phonon conductivity in the liquid than
in copper, a resistivity due to phonon—He3 quasiparticle
relaxation may only contribute a small part to the total
resistance. The phonon mean free path should be con-
siderably less in concentrated He3, and this then suggests
that the optimum particle size to use on the concentrated
side would be smaller than on the dilute side. Measure-
ments made here tend to support this idea. The work of
Roubeau et al 46 suggests the phonon—electron interaction
is very important for temperatures down to about 50 mK.
The same argument is true of the foil exchangers except
where the two streams are separated by a single foil 4¢ so
that the phonons need not interact with the electrons. If
the thickness of this single foil is made the order of half the
dominant phonon wavelength (that is, 0-4 um at 50 mK in
a plastic) then the thermal resistance between the two
streams could be reduced to a value below the normal
Kapitza resistance value.#9 Such thin unsupported films
are now commercially available, 50 but the practical prob-
lems encountered in using them could possibly prevent
their common usage.

Another approach to increase /¥ is to increase o/V in
a continuous exchanger. For the same value of €, a con-
tinuous exchanger requires about 1-4 times less surface
area than a discrete exchanger whose R = 50%. ForR
values of 20% and 80%, this factor is 1-2 and 2-1, respec-
tively. If a plastic material is used, a ¢/V of only about
160 cm~1 will give a continuous exchanger an advantage
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over present discrete exchangers for all temperatures. For
Cu—Ni, a o/V of around 600 cm~1 would be required to
achieve the same €. A sintered powder technique could be

used with plastic or Cu—Ni to increase o/V, but the increase

may also be accomplished by decreasing the tube dia-
meters. Several parallel tubes may be required to keep
down the flow impedance. Alternatively, closely spaced
parallel plates could be used, possibly in an annular con-
figuration using three close fitting coaxial tubes of large
diameter. A plastic continuous exchanger with a tube dia-
meter smaller than about 0-25 mm, or a plate spacing of

less than 0-06 mm, would then have an €/} value greater
than usually found in discrete exchangers. Though this
approach has great potential, it may be fraught with prac-
tical problems. For one thing, the thermal resistance in
the plastic should be small compared with the Kapitza
resistance, and this would require the thickness of the
plastic separating the two streams to be the order of

0-2 mm or less, depending on the type of plastic.

As one makes the tube diameters (or plate spacing)
smaller and increases the number of tubes in parallel (or
the plate width), eventually the point is soon reached
where the temperature rise due to viscous heating balances
the temperature drop due to an increased surface area.
The impedance can be reduced again by decreasing the
length and increasing the width of the exchanger, but soon
the point is reached where axial thermal conduction be-
comes important. The theoretical maximum in €/V is then
found when all three of these conditions (surface area,

impedance, and conduction) are optimized simultaneously.

In addition, the pressure drop on the dilute side must be
kept less than about 7 X 102 N m~2 (5 torr) to prevent
an increased He? circulation. An exact optimization can
only be done by solving the full differential equations in
(24), although a simple approximate analysis is done here
just to show that with-a more optimum geometry, e¢/V can
be increased by about an order of magnitude over that for
typical co-axial tube exchangers now in use. Thus, such a
continuous exchanger would be as good as, or better than,
present day discrete exchangers for all temperatures First
we require that Y, in (18) is small compared with Y. In
fact, it turns out for a practical geometry Y= Y ;. This is
usually so because the length and width of a parallel plate
exchanger will be the same for both the dilute and concen-
trated phases. Only the plate spacing will be much smaller
in the concentrated phase. Thus, for this simple analysis
we require 0, = d; = 0. For some desired mixer tem-
perature, T, , the surface area will need to be greater than
that shown in Figure 9 or that determined by (25). The
increased area needed because of a finite Y is found from
Figure 9 or (25) by using the temperature T, (0) defined
as

T
T, (0) = —— (31)
(1+7Y)

We now consider the additional rise in mixer temperature
caused by viscous heating in the two streams and balance
this out by additional surface area. In this analysis the
temperature rise of the mixer due to the viscous heating is
chosen to be equally divided between the dilute and con-
centrated streams. Such a distribution gives about the
minimum total heat capacity of the liquids. For the mini-
mum total liquid volume, the dilute side should contribute
over 50% of the total viscous heating, but somewhat less
than 50% if the moles ot He3 are minimized. For the

O

dilute side, the balance between viscous heating and addi.
tional surface area for a fixed liquid volume, ¥, and
exchanger length, L, is roughly expressed as

ng (T, )v3ns (82
e

1 1[ dT,
B ) (32)
2 nzLd(a/iz)dT,, =1,,00)

The factor £ is determined by solving, for a few examples,
the differential equations in (24), including the viscous
term but not the thermal conduction term. Corrections for
the thermal conduction are calculated by using ¥ ;. The
factor £ is found to be constant to within about 30% and
has the value 4 X 10-3. With the proper values 11,13 for
the terms on the left-hand side of (32), this equation
becomes

(3-5X 10713 cm3 K4 smole—l)rz3<az>
o0 VgL

3
Tm

11 dT,
= - — - :] (32a)
2 n3Ld(o/n3)dT,, =T, (0)

For a set of parallel plates, the impedance for laminar
flowisZ = 12L/wt3,where L, w, and ¢ are the length,
width, and spacing of the plates. The term (3Z/30)y, L,
using (18) and (19), takes on the form

oZ 5
ilog Va,L

(96 X 104 mole s—1 cm_l)o
(33)

Viiy Yy
Equation 32a is solved for ¥, with the aid of (25) and (33);
and the rest for a set of parallel plates is

i3 0(o/n4 )3/
V5 =(13X10"16em2K4) " — (34)
T3 Y,a

where a is the coefficient in (25) and the surface area 0 i
that necessary to reach T,, (0). We use (25) and (31) t0
substitute for g, which gives the dependence of ¥; on Y.
The minimum ¥ is then found to occur when ¥; = 025
The first approximation for o to use in (34) is just that
required in (25) to give a temperature of T, /1-25. With
V4 and ¢ known for the parallel plates, the various dimef’
sions are given by t; = Vylo,L? = V L[4 ~ (16X 10
moles—1 cm—1) Vy/n3,andw = V,/Lt. The impedance
is calculated and the increase in T,, which it causes iS'JuSt
that given by the left-hand side of (32a) with the partial
derivative replaced by Z. This temperature rise is subtrac'e
ted from 7, /1-25 to give a new value of T, (0). The valv
of o required in (25) to reach such a temperature is the
second approximation to use in (34). The process s008 .
converges and it is found that for 7,, < 40 mK, the surfa®
area required is approximately
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4= 2509 (35)

ere 0q 18 the area required to reach T, when neither
,nduction nor viscous heating are present. The dilute side
f’Olume is then given approximately by

a2 h3
vy = (23X 107 K2 cm) —— (36)
| T
|
The other plate dimensions are calculated as discussed
spove. The spacing for the concentrated side is chosen such
that the resultant impedance will cause a rise in 7', due to
e viscous heating, given by

éc TN V% h3 Z
ATm = C— (37)

4

gqual to that on the dilute side. In (37),v3 is now the

molar volume of pure He3 and the terms 1, and C, are
evaluated at the temperature T, /y = T,,/0-36. The
empirial factor £, was determined in a manner as was £,
and was found to have the approximate value 0-2. The
much larger value of £, compared with £; was at first
surprising, but is reasonable, since most of the viscous heat-
ing occurs near the end of the exchanger where little oppor-
tunity exists for this heat to be transferred to the dilute
siream. However, for viscous heating in the dilute stream,
the resulting temperature rise of the stream through most

of the exchanger has little effect on the concentrated

stream temperature, 7., since the heat transferred is

roughly proportional to (T‘g - Tg). This behaviour suggests
that all thermal tempering of leads or other heat links be
made to the dilute stream only. After substituting the
proper values 11,13 in (37), this equation becomes

(4X 10714 K4 cm3 s mole—1)73 Z
AT, = (37a)
T3
m

As an example of the optimization procedure for the paral-
lel plate exchanger, suppose we wish to reach 7,, = 10 mK
ataflow rate of 13 = 2 X 10~5 mole s—! with a plastic
exchanger. From (35), (36), and (37a), the approximate
optimum geometry is such that on the dilute side, V,; =
0-10cm3,z; = 90X 10~* cm,L = 090 cm, and w =

125 cm. The pressure drop, given by AP = ny V3 13 Z, is
only about 3 X 102 N m~2 (2 torr) and should have little
effect on increasing He# circulation. For the concentrated
side, ¥, = 0-050 cm?> and t, = 44X 10-% cm. These
volumes are about six times less than required with a set of
three optimized sintered copper exchangers preceded by a
small coaxial tube exchanger. Thus, e/V is also a factor of
$ix higher. The surface to volume ratios for this parallel
plate exchanger are 1 100 cm™! on the concentrated side,
and are over an order of magnitude greater than for a
typical co-axial tube configuration.*1 The small values of
fon'both the dilute and concentrated sides could make
Such an exchanger difficult to construct in practice.
(Different flow rates would change w, but not L or 7).
Even smaller values of £ would occur at higher T',,,, so that
the optimum design for the pa-allel plate exchanger would
Probably only be achieved for T,,, < 10 mK. At higher
temperatures, one may wish to approach this optimum
8eometry as close as practically possible. Note that this
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parallel plate exchanger which has been discussed is a con-
tinuous exchanger; thus, it is completely different than a
discrete copper foil exchanger.38 Even higher values of
€/V would be possible with many parallel co-axial tubes
optimized as was done for the parallel plate exchanger.
However, the practical difficulties would be even greater.
Note that the volume given in (36) is simply propor-
tional to 713. Since L and ¢ are independent of 715, we have
w & f13 and, thus, Z « 1/i3. The pressure drop is then
independent of 713. As a result, there is no change in beha-
viour when scaling the flow rate. Such is the case in dis-
crete exchangers, also. For the behaviour to remain the
same we require a/iz3, w, and AP to remain constant.
Thus o « 13, A ® 13, and L = const, keep o/f3 and w con-
stant. Since in a discrete heat exchanger, Z « 1/4, we then
have AP = const. What this says is simply that only the
cross-sectional area of each discrete exchanger should be
scaled with flow rate and the length should remain the same
to give the same ultimate temperature and same cool-down
time. Of course this rule breaks down whenever the ulti-
mate temperature is governed by a residual heat leak. Then
higher flow rates would give a lower temperature. Flow
rates in actual refrigerators have ranged from just a few
umole s~! to as much as 300 umole s—1.

Mixing chamber

The thermodynamic behaviour of the mixing chamber is
well understood and is discussed in some of the proceeding
sections. However, at low-operating temperatures it can be
quite difficult to utilize the full refrigeration capability of
the mixer because of the ever-present problem of Kapitza
resistance. To maintain the temperature of a heat generat-
ing source to within 10% of the mixer temperature, requires
a copper surface area of about

(7X 102 cm?2 K2 W-1)Q
o= -
T4

(38)

immersed in the dilute He3 phase. About three times this
amount would be required for heat transfer to the concen-
trated phase because of its higher Kapitza resistance.13 If
the power, @, is set equal to the maximum power, 82713 T2
JK~2 mole!, which can be absorbed by the mixer, then
the required surface area is about

(6 X 104 cm2 K2 s mole—1) 75
g = (39)
T2

For a flow rate of 2 X 105 mole s~! and a mixer tempera-
ture of 20 mK, this surface area is about 3 X 103 cm?2.
Naturally, sintered copper power is generally used inside
the mixing chamber to provide this high surface area. The
experiment or thermometer is then fastened on the outside
of the mixing chamber by a method which has a low ther-
mal resistance, such as a screw contact,5! indium solder-
ing,>1 or a gold plated collet.52

The most reliable and accurate method of measuring the
temperature of the liquids inside the mixer is by suscepti-
bility measurements on powdered cerium magnesium
nitrate (CMN) in the form of a right circular cylinder, with
length equal to the diameter,!3 immersed in the liquid.
The measurement of the CMN susceptibility with either
mutual inductance or self-inductance coils then requires
that the mixer be made of a non-magnetic material of high
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electrical resistivity, such as an epoxy.13 Measurement of
the static susceptibility, or magnetization, of the powdered
CMN eliminates the resistivity requirement, and allows the
mixer to be made of copper. The superconducting quan-
tum interference device (SQUID) makes an extremely sensi-
give magnetometer 33 for measurement of the static sus-
ceptibility, using only a few milligrams-of CMN. When a ¢
susceptibility measurements are used, the provision for
high surface area inside an epoxy mixer is considerably
more complicated, since eddy current heating must be pre-
vented. Mota and Wheatley 54 describe one technique
which used bundles of fine copper wire. In our laboratory
we have used several narrow strips of 0-11 mm thick copper
foil with a2 0-13 mm thick layer of sintered copper powder
on one surface.>> Each strip has a copper wire hard
soldered in a helium atmosphere to one end of the bare
surface, and these wires pass through the wall of the epoxy
mixing chamber.

The best position for the powdered CMN in the mixing
chamber was at first thought to be at the top, in the pure
He3 phase.!3 The incoming warm He3 must then be
brought in from the bottom to prevent a thermal gradient
within the pure He3 phase. Since the Kapitza resistance
between CMN and pure He3 is anomalously low,56 it
seemed natural to put the CMN there. However, W. C.
Black 42 has found that something less than 100 p p m of
He* in the He3 can cause the normal Kapitza resistance to
reappear. An adsorbed film of He* should cover the CMN
in the mixing chamber,37 so there is no longer the advan-
tage of low Kapitza resistance in placing it in the upper
phase. In fact, it has been our experience that for mixer
temperatures in the range 0-1 K to 0-5 K, this arrangement
suffers from very long thermal time constants. This occurs
because of the high specific heat per unit volume and low
thermal conductivity of the concentrated He3 in this tem-
perature range. For this reason, it might then be better to
place the powdered CMN in the flowing dilute phase, since
its thermal conductivity is much higher than concentrated
He3 in this temperature range, and the specific heat per
unit volume is less. A second advantage is that the CMN
can actually be placed downstream some distance from the
mixer so that the mixer itself can be made with copper
walls lined with sintered copper powder. Ehnholm and
Gylling 58 use such an arrangement. Heat is readily trans-
ported from the mixer to the CMN by He3 mass flow and
the time required for the dilute He3 to travel from the
mixer to the CMN powder can be quite short. Forng =
2X 1075 mole s~! in a tube of 3 mm diameter, the dilute
He3 travels at a speed of about 1 mm s~1. When the CMN
is in the flowing dilute phase, one must ensure that the flow
impedance between the mixer and a point just past the CMN
is sufficiently small to prevent viscous heating; otherwise the
CMN will not be indicating the mixer temperature, but in
some cases this may not be important. The temperature

rise1i3n a flowing He3 stream at low temperatures is given
by

AT Z i3 20 mK \ 4
—=¢ (40)
T 108 cm—3/ \10-5 mole s~1 T

where the coefficient ¢ is 0-07 for the concentrated stream
and 0-54 for the dilute stream. For a dilute stream tempera-
ture of 10 mK and a flow sate of 2 X 10~5 mole s—1
through a 3 mm diameter tube, 50 mm long, the tempera-
ture rise is 0-4%. Thus, at these temperatures, if the CMN

is to accurately measure the mixer temperature, the dilute
stream tube will need to be at least 3 mm diameter for thig
flow rate, about twice as large as is normally used. In add;.
tion, a bypass channel will be necessary to carry most of
the dilute He3 around the CMN powder, since the flow
impedance through the powder can be sufficiently high at
these temperatures to cause significant heating. The flow
impedance through various powder sizes has been measureq
by Betts and Marshall 45

Because of the lower Kapitza resistance between copper
and dilute He3 compared with copper and pure He3 | the
heat to the mixer should be applied to sintered copper pow-
der in the dilute phase, but not necessarily near the inter-
face. Asa matter of fact, the heat can be applied anywhere
along the dilute stream between the interface and the
entrance to the lowest heat exchanger—the refrigeration
rate is always the same and given by (6) or (11). In deriy-
ing the thermodynamic behaviour of the mixer it was not
necessary to specify where the heat should be applied
within the open system in Figure 3. The open system can
very well include the inlet and outlet tubes connected to
what is normally considered the mixing chamber. The
application of heat downstream from the mixing chamber
means that the liquid temperature in the mixing chamber
will be lower than at the point of application of heat.
Suppose one had two types of experiments one with a con-
stant large source of heat for example, a radioactive
sample, and the other with negligible heat generation. Then
by placing the first downstream from the mixer and the
second on the mixer, the two could be carried out simul-
taneously and would allow the second experiment to reach
a lower temperature than it could if both experiments
were mounted on the mixing chamber. We now see that
one of the beauties of the dilution refrigerator is its
ability to pipe refrigeration to any desired point.

Conclusion

The thermodynamics of the dilution refrigerator have been
well understood, both qualitatively and quantitatively, for
the last few years. For the most part, the few experimental
tests of the refrigerator have agreed with the calculated
thermodynamic behaviour. As outlined in the text, it now
has become possible to predict the behaviour of various
types of heat exchangers, provided the heat transfer surface
areas and Kapitza resistances are known. This knowledge
allows one to build more optimum heat exchangers, and in
some cases the same lowest temperature could be reached
with liquid volumes reduced as much as an order of magni-
tude below that now customarily used. Alternatively, with
the same liquid volume, much lower temperatures could be
achieved.

Many practical improvements in the refrigerator have
occurred in the last few years which allow either more
efficient operation or easier construction. It has been
reported 59 that B. S. Neganov has reached a continuous
temperature of 5-5 mK, which is quite close to the practlcal
limit of about 4 mK. Anderson has described 4! a very
simple co-axial tube type of dilution refrigerator for reacl}'
ing about 40 mK. In the next few years, significant practt
cal improvements, particularly in heat exchangers, should
occur. Plastic heat exchangers may become common-plact
and could permit 5-5 mK to be reached with much smallef
heat exchangers. Leggett and Vuorio 0 have suggested
that weakly magnetic materials may offer significantly
lower Kapijtza resistance to He3 because of the spin .
coupling between electrons and He3. Whether this couplifs



51(1 still exist in the presence of an adsorbed He# film 57
, ’ somewhat doubtful. Certainly, this is a point which needs
inveStigation' o
The significant number of dilution refrigerators which
yave experienced some operating problems is, in most cases,
robably a result of various unseen practical errors rather
than due to some unknown phenomena. However, the pos-
gbility of an abnormal heat leak due to an osmotic pres-
qre induced counterflow of He3 on the concentrated side
s been considered by several people.61,63 Whenever a
connected filament or section of the dilute phase exists in
e concentrated He? side between two different tempera-
ures, 2 counterflow of He? takes place. This occurs
pecause the osmotic pressure of the He3 saturated dilute
phase is greater at the warm end than at the cold end of the
flament or section. At this point, no one seems to know
e configuration of the dilute phase and to what extent
counterflow heat leak might occur. Certainly, a film of He*
isadsorbed on the tube walls. Precautions have been made
in the past to reduce the effect, if it occurs, by using the
smallest possible tubes for the concentrated side without
adding a significant amount of viscous heating. The possi-
pility of convective instabilities on the dilute side is also
giscussed in some detail by Wheatley et al.53 The poor per-
formance of a refrigerator when the gas is initially conden-
sed on the still side of the pumping line has been reported
by Anderson.#! Others have seen effects of this also.
Anderson ascribes such a behaviour to the thicker He# film
which forms at the higher pressures, in addition to air im-
purities be ing deposited around the still orifice. Both cause
ahigher He# film flow rate.

The high Kapitza resistance at temperatures encountered
in the dilution refrigerator prompted the use of high surface
area materials, such as-sintered copper. Electron—phonon 62
and phonon—He3 quasiparticle thermal resistances can be-
come important for these small dimensions, and detailed
studies of these resistances would be useful for understand-
ing and improving heat transfer with He3 or He3 —He?# solu-
tions at these low temperatures. These additional resis-
tances could have some bearing on the difficulty Wheatley
etal 63 have experienced in trying to reach temperatures
below 10 mK.
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