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NOMENCLATURE

PTR = pulse tube refrigerator

BPTR = basic pulse tube refrigerator

OPTR = orifice pulse tube refrigerator

RPTR = resonant pulse tube refrigerator

a = slope of average temperature profile

Ag = gas cross—sectional area

Cp = specific heat of gas

f = friction factor

L = length of the tube

h = specific enthalpy

H = enthalpy flow

<H> = time—averaged enthalpy flow over one cycle
k = thermal conductivity

M, = total mass of gas in the table

m = total mass flow rate

mp, = mass flow rate through orifice

me = mass flow rate at the cold end

Mep = total mass in compressor

Mep = mass flow rate from the compressor

] = total dynamic pressure

R = time—averaged pressure

Qe = heat flow rate into tube at the cold end
Qn = heat flow rate out of tube at the hot end
Re = Reynolds Number

R = gas constant in mass units

Th = hydraulic radius

T = total dynamic temperature
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dead volume temperature (ambient)

time—averaged temperature profile in tube
cold end temperature (x=0)

hot end temperature (x=L, ambient)
compressor temperature (ambient)

reservoir temperature (ambient)

time

compressor swept volume (total)

dead volume between compressor and pulse tube

volume of reservoir
volume of pulse tube
total internal energy

specific internal energy

rate of work input

position along the tube

flow impedance factor

phase angle between m¢ and mp

phase angle between my and m,
phase angle between m and m,
phase angle between T4 and m
linear frequency

angular frequency

ratio of heat capacities (Cp/Cy)
period of one cycle

average gas density

thermodynamic efficiency relative to Carnot
viscosity at cold end
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Analytical Model for the Refrigeration Power of the
Orifice Pulse Tube Refrigerator

Peter J. Storch, Ray Radebaugh, and James E. Zimmerman

Chemical Engineering Science Division
National Institute of Standards and Technology
Boulder, Colorado 80303

The pulse tube refrigerator is a cryocooler with potential for high reliability. This
regenerative refrigerator operates with low average pressures, small compression ratios, and
only one moving part. In research conducted at the National Institute of Standards and
Technology, a pulse tube refrigerator with an orifice located at the closed, hot end of the
system has been used to reach 60 K in one stage. A gross refrigeration power of 12 W has
been measured at 80 K with a pulse tube volume of 30 cm3. This paper presents the
development of an analytical model to predict the refrigeration power produced in an
orifice pulse tube. Three versions of the model are presented: the first calculates
quantities which are independent of dead volume; the second neglects dead volume; and the
third describes a system with dead volume. Experimental results confirm predictions by
the model that refrigeration power is proportional to the average pressure, the pulse
frequency, the mass flow ratio, and the square of the dynamic pressure ratio. Results are
presented that are useful for approximate design of orifice pulse tube systems. The model
assumes adiabatic conditions and an energy balance is performed in terms of net enthalpy
flow. Phasor analysis was found to be very useful for analyzing the oscillations of pressure,
temperature, and mass flow rate.

Key words: analytical model; cryocooler; cryogenics; pulse tube refrigerator; refrigeration
power; refrigerator.



CHAPTER 1
INTRODUCTION

The pulse tube refrigerator (PTR) is a new member of a family of devices known as
cryocoolers. Cryocoolers are refrigerators which generate refrigeration at temperatures
below 120 K (—244°F) [1]. Pulse tube refrigeration is a cycle of compressions and
expansions which pump heat from one end of a tube to the other. Recently, there has been
a surge of interest in this method of refrigeration for use in applications which require
small, durable cryocoolers. The great advantage of the PTR is its simplicity, which
promises to provide high reliability. The lack of reliability in small cryocoolers is a well
known problem today.

1.1 Purpose

The general goal of this study is to gain a better understanding of the refrigeration
mechanism and the capability of the PTR. More specifically, this work is concerned with
developing an analytical model for the refrigeration power generated in an orifice pulse
tube refrigerator (OPTR). With the aid of several simplifying assumptions, we derive
equations which identify the important parameters in the system. Once the analytical
expressions are devised, verification of the model is accomplished by comparing results to
previous experimental studies as well as to experiments completed in this work.

A simple, analytical model of the cooling power is useful for three reasons. First,
such a model provides insight into the refrigeration mechanism. Often when a numerical
model is used to rigorously describe a system, it is difficult to see the physics involved in
the process. With an analytical expression, important parameters that affect performance
are more easily recognized. Second, basic trends or dependencies of performance can be
determined. Such dependencies will aid in optimization and indicate the range of
parameters which should be studied in more detail either numerically or experimentally.
Third, a simple analytical model will be useful for design. Although not as accurate as a
numerical analysis, the model will be convenient for making approximate predictions of
system size and refrigeration capacity of the PTR.



1.2 Applications

Cryocoolers including the OPTR have extensive applications today and promise to
play an important role in future technology. Presently, cryocoolers can be found cooling
infrared detectors to temperatures below 80 K for sophisticated military aircraft, missiles,
and tanks. Parametric amplifiers used in ground—based systems for satellite
telecommunications and deep—space tracking typically require temperatures below 20 K
[2].- The most common commercial application of cryocoolers today is in cryopumping
which is important to the semiconductor industry [3]. Cryocoolers have also been tested in
space to cool gamma—ray and infrared telescopes [4]. For example, four Stirling
refrigerators, developed by a company in cooperation with Johns Hopkins University, flew
in space for approximately two years to cool two gamma—ray detectors.

The most important future application for cryocoolers such as the PTR is the
cooling of superconductors. It is increasingly apparent that superconducting devices will
greatly impact future technology and that cryogenics is the enabling technology. SQUIDs
(superconducting quantum interference device) typically require operating temperatures as
low as 8 K. However, since 1986 there has been great progress in the development of high
temperature superconductors. New copper oxide materials show transition temperatures in
excess of 100 K, and may have practical application at 40 or 50 K. Such temperatures are
within the range of a two—stage pulse tube refrigerator. SQUIDs are used for making
geomagnetic and neuromagnetic measurements and have defense applications in submarine
and mine detection. Superconducting magnets at 20 K are used for magnetically
suspended, high speed trains, giant particle colliders, energy storage rings, and whole—body
magnetic resonance imaging (MRI). In addition, Josephson junctions may define a new
generation of digital circuits for high speed computers.

Nowhere is the need for reliability in small cryocoolers more evident than in space
applications. Research in cosmic—ray physics, plasma physics, and infrared sensor
technology require cryogenic temperatures [5]. Most space missions today are planned to
last 3 to 10 years, so a cryocooler in space must operate reliably for a minimum of 3 years
- to be useful and 5 to 10 years to be considered of real value. ‘Therefore, successful
cryogenic designs for space applications require compact and reliable refrigerators with
extremely long lifetimes.



1.3 Reliability of the Pulse Tube Refrigerator

The PTR refrigerator has potential for both small size and high reliability. There
are two reasons for this potential. First, the pulse tube operates on a regenerative cycle as
opposed to a recuperative cycle such as the Joule—Thomson (J—T) refrigerator. In a
regenerative refrigerator, the working gas oscillates between the piston at the hot end and
the cold end, where cooling is produced. As gas flows toward the cold end, heat is stored
in a unique type of heat exchanger known as a regenerator. Heat is retrieved by the gas as
it flows back to the hot end of the tube. Isothermal processes are used for heat addition
and rejection. Unlike refrigerators that use recuperative cycles, regenerative refrigerators
have neither a J-T valve to become plugged with impurities nor a low—temperature
expansion engine with high—pressure seals and valves to wear out. Yasukochi [6] has
shown that reciprocating expansion engines account for approximately 25% of failures in
recuperative cryocoolers. Regenerative cycles also have the advantages of a simple
compressor and a low operating pressure. J—T refrigerators require a valved compressor
with compression ratios of up to 200:1 and pressures as high as 20 MPa. The PTR,
however, uses only a basic piston without valves and typically operates with a pressure
ratio less than 2:1 and an average pressure less than 2.0 MPa. A simpler compressor with
lower pressures means less wear, less chance for a leak, and more dependable operation.

The second reason for the potential for high reliability in the PTR is its simplicity.
There is only one moving part—the compressor piston at room temperature. The lifetime
of mechanical refrigerators can be improved by eliminating moving parts. For instance,
the Stirling refrigerator, another regenerative refrigerator, has only two moving parts, and
is widely used today. The Stirling refrigerator shown in figure 1—1 operates with a piston
at ambient temperature and a displacer between the ambient and cold end temperatures.
However, the motion of the displacer generates two problems: the need for seals at low
temperatures, which tend to wear, and vibrations close to the refrigeration load, which can
decrease the lifetime of the instrument and disrupt the operation of a sensitive detector.
The PTR, with no moving parts at low temperature, has potential for longer lifetimes and
should be more compatible with sensitive instruments than the Stirling refrigerator.

1.4 Description of the Pulse Tube Réfrigerator

Three versions of the pulse tube refrigerator are described in the literature today:
1) the basic pulse tube (BPTR), 2) the orifice pulse tube refrigerator (OPTR), and 3) the
resonant pulse tube refrigerator (RPTR). This designation was proposed by Radebaugh
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Figure 1-1. Stirling refrigerator.

and coworkers [7] and will be used in this work. The subject of this study is the recently
introduced OPTR because of its promise of a refrigeration capacity higher than those of the
other two. The components and basic operation of the first two types of PTR are discussed
below, while the third is discussed later.

The three primary components of the BPTR, shown in figure 1-2(a), are a piston, a
thermal regenerator, and the pulse tube itself. The regenerator is a periodic—flow heat
exchanger used to thermally isolate the piston at room temperature and the tube at the
cold temperature. The matrix of the regenerator is constructed of material with high heat
capacity to absorb heat from and reject heat to the gas as it flows back and forth. The
pulse tube is closed at the hot end where a heat exchanger transfers heat from the gas to
the surroundings. The tube is open at the cold end to the regenerator and the compressor
and has a heat exchanger to transfer heat from the refrigeration load to the gas. The
OPTR is shown in figure 1-2(b) with the additional components of an adjustable orifice
and the reservoir volume.
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Figure 1-2. (a) Basic pulse tube refrigerator

(b) Orifice pulse tube refrigerator

The refrigeration cycle for both types of the PTR is best understood by examining
the temperature—position history of a single element of gas in the BPTR. Figure 1-3
shows the temperature of a gas element as a function of position in the tube. The first half
of the cycle begins when the piston moves gas into the tube. The gas is cooled to the
temperature of the cold end (point 1) as it flows through the regenerator. The element of
gas in the tube is compressed adiabatically and is heated as it travels toward the closed end
(point 1 to point 2). Constant—volume cooling then occurs during a relaxation period at
high pressure (point 2 to point 3). During this period, heat is rejected in the hot—end
exchanger while the gas element in the tube is cooled by transferring heat with the tube
wall. The second half of the cycle occurs as the piston moves gas from the tube back
through the regenerator. An element in the tube is expanded adiabatically and cools as it
moves toward the open end (point 3 to point 4). The cycle is completed with a relaxation
period of constant—volume heating at low pressure (point 4 to point 1). Gas in the
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Figure 1-3. Temperature as a function of position for an element of gas in

the basic pulse tube refrigerator.

cold—end heat exchanger absorbs heat from the load while gas in the tube is heated by the
wall. The consequence of operating a system on this cycle is a net flow of enthalpy or
pumping of heat from the cold end to the hot end. A constant temperature gradient in the
tube is established, and continuous refrigeration is produced.

The OPTR follows the same refrigeration cycle as described above except for the
method of heating and cooling during the relaxation periods. Instead of exchanging heat
with the tube wall, an element of gas in the OPTR experiences a change in temperature
due to flow through the orifice. As gas flows from the tube through the orifice and into the
reservoir, gas remaining in the tube expands adiabatically and cools. As gas flows back
into the tube from the reservoir, gas in the tube is adiabatically compressed and heats up.

1.5 AC Circuit Analogy

The oscillating behavior of flow in pulse tube systems is reminiscent of a common
AC electrical circuit. In fact, each mechanical component and action in the PTR has an
electrical counterpart. For instance, the flow of electrons or current in an electrical circuit
is analogous to the mass flow of the fluid in the pulse tube, while voltage is analogous to
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pressure. A voltage drop occurs from resistance in a circuit just as a pressure drop occurs
from anything that impedes flow in the PTR. Also, a capacitor, which stores charge, can
be used to represent a volume which stores mass in the PTR system.

The analogous circuit is shown in figure 1—4. The AC voltage source (element 1)
produces a sinusoidal voltage and current in the electrical system in much the same way
the compressor produces sinusoidal pressure and mass flow oscillations in the pulse tube.
However, for large pressure oscillations, there is significant deviation from sinusoidal
behavior and the compressor behaves more like a variable capacitor. Current from the
voltage source flows through the first resistor (element 2), which represents the solid
matrix in the regenerator, and a drop in voltage or pressure occurs. At this point, current
is diverted in the circuit to charge a capacitor (element 3), just as part of the mass flow
from the compressor is required to pressurize the regenerator void volume. The resulting
current then encounters the next two resistor—capacitor sets (elements 4, 5 and elements 6,
7), which represent dead volume and pulse tube volume with similar effect. Each volume
in the pulse tube can be associated with a resistance and a capacitance in the circuit. The
last resistor in the circuit (element 8) models the flow impedance of the orifice at the hot
end of the pulse tube. Again, a drop in voltage or pressure occurs here as charge or mass
flows into the large capacitor (element 9) representing the reservoir volume.

Drawing the analogy between the pulse tube and a familiar system such as a basic
AC circuit can help us better understand the function of components in a PTR. The
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Figure 1-4. Analogous A C circuit for the orifice pulse tube refrigerator.
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electrical model is also useful because methods for analyzing such systems are well
established. Specifically, phasor analysis and complex algebra, which are commonly used
to study AC circuits, can be applied effectively to PTR systems. Also associated with
sinusoidal voltage and current are phase angles; and it becomes very convenient to describe
oscillations in mass flow rate, pressure, and temperature with phase relationships.

1.6 History of Pulse Tube Refrigeration Research

1.6a Thermal Acoustic Oscillations

Heat pumping found in the PTR is closely related to another phenomenon known as
thermal acoustic oscillations. Such oscillations occur spontaneously in tubes with a large
temperature gradient between a closed hot end and an open cold end, and they are
commonly encountered today in the storage and transfer of cryogens. Successful theoretical
models for helium were presented by Rott in 1969 [8] and 1973 [9]. One of the earliest and
most well known observations of thermal acoustic oscillations was made by C. Sondhauss
in 1850. He noticed a sound produced from tubes used by glass blowers. When a gas flame
was applied to a glass bulb at the end of a tube open to the room, air in the tube oscillated
producing a sound characteristic of the tube dimensions. Lord Rayleigh in 1878 offered an
explanation for this spontaneous occurrence by pointing out that oscillations occur if heat
is added to the air at the point of highest pressure and removed at the point of lowest
pressure [10]. In other words, energy in the form of heat is introduced at the closed end
and energy in the form of acoustic waves and heat is removed at the open end. This
phenomenon is simply the reverse of the process in the PTR where energy is introduced at
the open end in the form of pressure waves and removed at the closed end as heat to
provide useful refrigeration. |

1.6b The Basic Pulse Tube Refrigerator

The use of thermal acoustic phenomena to generate refrigeration was first proposed
by Gifford and McMahon in 1959 [11]. The first pulse tube refrigerator apparatus, along
with a theory of the refrigeration process, was described in detail by Gifford and
Longsworth in 1964 [12]. This early PTR was similar to the device described above and
shown in figure 1-2. Gifford and Longsworth concluded that only those elements of gas
traveling between the hot— and cold—end heat exchangers were responsible for the
refrigeration effect. This idea was later refuted by the same authors in a second paper
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written in 1965 [13]. Gifford and Longsworth found that the PTR still operated below the
critical pressure ratio where gas does not make the complete passage between the heat
exchangers. A third paper entitled "Surface Heat Pumping" was published a year later,
giving a much better qualitative description of the refrigeration effect [14]. The main
points of this description have been reviewed in the explanation of the BPTR noted earlier.

All experiments up to this point had been performed on PTR systems that used
valved compressors to generate the pressure wave. Longsworth used such a valved PTR in
1967 to reach a low temperature of 124 K with no load [15]. He measured a gross
refrigeration of 5 W at this temperature, which was totally absorbed by inefficiencies such
as regenerator ineffectiveness and conductive losses. That same year, Gifford and Kyanka
reached 165 K using a reversible PTR, that is, a PTR with a piston compressor instead of a
valved system [16]. The idea of using a piston as a driver was first mentioned by Gifford
and Longsworth in 1965 as a method of overcoming the large inefficiency introduced by
irreversible expansion through the pressurization valves. Gifford and Kyanka showed that
the reversible system had a work requirement of only 10% of that of an ideal valved
system. However, the refrigeration capacity of the reversible PTR was shown to be much
less than the valved PTR at low pulse frequencies. This is due to the fact that a piston
generates pressure oscillations that are approximately sinusoidal. A valved system,
however, generates more of a "square wave" oscillation, which provides more time for heat
transfer between the gas and the wall. Gifford and Kyanka pointed out that performance
of the reversible PTR increases with frequency and should have been comparable to that of
the valved system at higher frequencies.

Although work on the BPTR was certainly interesting and gave valuable insight
into the mechanism of refrigeration, the lowest temperatures achieved were still too high to
be of practical use. Most applications of cryocoolers are below 80 K. Therefore, interest in
pulse tube refrigeration diminished and no great progress was made until recently when
some new concepts were introduced.

1.6c The Resonant Pulse Tube Refrigerator

A new idea in pulse tube refrigeration was presented by Merkli and Thomann in
1975 [17]. They showed in principle that a tube closed at one end and filled with gas
oscillating at a resonance frequency could be used as a heat pump. They measured cooling
in the section of the tube with maximum velocity (pressure node) and heating in the region
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of the velocity nodes (pressure antinodes). However, the refrigeration produced in the tube
was minimal. Then, in 1983 and 1985, Wheatley and coworkers published two papers in
which they described a resonant tube having an internal structure of plates [18] [19]. This
structure or "stack" of plates becomes a second thermodynamic medium (the first is the
working fluid) in which a net enthalpy flow is generated. A basic schematic of RPTR is
shown in figure 1-5. The system consists of an acoustic driver at the open end of the tube,
the resonance tube with the second thermodynamic medium, and a gas spring at the closed
end. A regenerator is not required with this configuration because the hot end of the plates
is toward the driver. In one case, a stack of cloth—epoxy plates was used in the tube, and a
low temperature of 195 K was measured at a frequency of 516 Hz and an average pressure
of 1 MPa. The most recent work on resonant pulse tubes or thermoacoustic refrigerators
has been done by Tom Hofler in 1986. His apparatus uses a polymer film roll structure in
the resonator. With the hot end at 300 K, this device reached a cold end temperature of
200 K. An efficiency equal to 18% of Carnot efficiency was obtained.

1.6d The Orifice Pulse Tube Refrigerator

The second major innovation for the PTR came in 1984 when the Russian scientist
E.L. Mikulin inserted an orifice at the closed end of the tube [20—22]. He called this an
"expansion" pulse tube because the orifice allows part of the gas to expand into a large
reservoir. The effect of the orifice on the refrigeration mechanism was a large increase in
the refrigeration capacity. Originally, Mikulin placed the orifice between the hot tube and
the heat exchanger at the hot end and used a valved compressor with air as the working
fluid. With a pressure ratio (Pnax/Pnin) of 2, a frequency of 15 Hz, and no thermal load, a

-0
-0

H C Closely-Spaced Plates
N\ /

Gas Spring
Volume

/

Acoustic Driver

Figure 1-5. Resonant pulse tube refrigerator.
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temperature of 105 K was achieved and 10 W of refrigeration were measured at 120 K.

The pulse tube in this case had a volume of 35.3 cm3. However, the paper does not provide
details as to the amount of gas that was leaving and entering the pulse tube through the
orifice during one cycle.

In 1985, Radebaugh and coworkers at the NIST, formerly the National Bureau of
Standards (NBS), modified Mikulin's configuration slightly and relocated the orifice on top
of the hot end heat exchanger [8]. This configuration has been designated as the orifice
pulse tube refrigerator and is the same apparatus used in this work as shown in figure
1-2b. Radebaugh's version uses a piston compressor with helium as the working fluid. For
a 30 cm3 pulse tube, after optimizing the orifice setting a gross refrigeration capacity of 18
W was measured. This measurement was taken at the low temperature of 60 K with Ppax
= 1.24 MPa, Ppin = 0.71 MPa, and a frequency of 9 Hz. The mass flow rate through the
orifice was calculated to be about 50% of the flow rate at the cold end. The point was
made that frequency and pressure ratio were not totally optimized for these measurements.
Also, with improved regenerators and multiple stages, Radebaugh indicated it may be
possible to reach a temperature of 10 K [8].

Experimental work on the OPTR at NIST has continued and some very useful
results were published in 1986 by Radebaugh and Herrmann [23] [24]. Many important
conclusions about the operation and performance of the OPTR were presented.
Measurements of efficiency and refrigeration capacity were made with four different pulse
tube sizes. Measurements were taken with helium gas at an average pressure of 1 MPa and
a pressure ratio (Ppax/Pmin) Of 2.6. The best performance was obtained with a 30 cm3 tube
at a frequency of 6 Hz, generating 15 W of refrigeration power at 100 K. The intrinsic
thermodynamic efficiency measured for this case was 40% of Carnot efficiency at the
optimum orifice setting which occurred when the ratio of mass flow through the orifice to
mass flow in the tube (thp/m¢) was 0.35. The thermodynamic efficiency was defined using
the P—V work in the tube (see eq (3—8)). The data supported the idea that efficiency
decreases with an increase in flow through the orifice. Radebaugh and Herrmann also
showed that, although the thermodynamic efficiency of the BPTR (orifice closed) was
generally twice as high as for the OPTR, the refrigeration power produced with the orifice
was as much as 10 times greater than the BPTR. The fact that the OPTR has a lower
thermodynamic efficiency and a larger refrigeration power than the BPTR indicates the
presence of a different mechanism for pumping heat. Radebaugh and Herrmann also point
out that efficiency of the OPTR is comparable to that of the Stirling refrigerator and
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greater than that of the Joule—Thomson refrigerator [24]. Finally, another important,
conclusion from this work was that refrigeration capacity depends on volume and not on
length or diameter of the tube, although there is certainly a minimum limit on these
parameters.

CHAPTER 2
ANALYTICAL MODEL

Since the OPTR was first introduced in the late 1970's by Tarasov and Mikulin,
only one analytical expression describing the refrigeration power has been published. This
expression was first presented by Mikulin and coworkers in the Soviet Union in two papers
in 1982 and 1983 [20], [21], and then in the United States in 1984 [23]. Mikulin developed
an adiabatic model for the tube assuming ideal heat exchange and the absence of friction.
Three equations were presented for the average expanded gas temperature, the refrigeration
power, and the thermodynamic efficiency [22]. Unfortunately, it is not clear how the model
demonstrates the effect of flow through the orifice on the refrigeration power.

Like Mikulin's model, the analysis presented in this paper treats the ideal case of an
adiabatic tube. Support for the idea that processes in the orifice pulse tube are actually
adiabatic is found in experiments by Radebaugh and Herrmann which show that heat
transfer between the fluid and the tube wall actually decreases the performance [24].
However, in this case, the idea of enthalpy flow is used to describe the system. This model
also attempts to show the role of the orifice in the refrigeration mechanism, which has
already been established experimentally as an important factor in performance [23].

2.1 Enthalpy Flow Analysis

In the past, a typical method of analyzing regenerative type refrigerators has been
to assume isothermal compression and expansion so that the heat transferred in one cycle is
equal to the PV work done. The most obvious example of this method is the Schmidt
analysis used to model Stirling refrigerators [1, p.134]. Adiabatic modeling has also been
applied to Stirling engines, for example, by Finklestein with very useful results [1, p.142].
Unfortunately, such adiabatic models have not produced closed—form solutions, which is
the goal of this work.

13



In 1985, Radebaugh took a new approach to regenerative systems when he employed
an enthalpy—flow analysis to compare three types of PTRs [8]. This is the same simple,
but powerful, method commonly used in the analysis of steady—flow, recuperative systems
such as the Joule-Thomson refrigerator. The study of enthalpy flow in a regenerative
system is more complicated due to the oscillating flow. Temperature, pressure, and mass
flow rate are functions of time and position in real systems. However, the advantages of an
enthalpy—flow analysis are that it eliminates work terms in the energy balance and creates
simple boundary conditions. P—V work is included in the definition of enthalpy: H=U +
PV where U is internal energy. The system described by the model and to be analyzed for
enthalpy flow is that shown in figure 2—1. It is emphasized that this work does not
attempt to model the entire pulse tube system with the compressor and regenerator.
Rather, the system of interest here consists only of the tube, which is assumed to be
completely adiabatic, and the hot— and cold—end heat exchangers, which are assumed to be
ideal and isothermal.

Figure 2—1 presents the heat flows to be considered in the energy balance: <H> is
the net enthalpy flow, Q. is the rate of heat flow in at the cold end, or the refrigeration
effect, and Qy, is the rate of heat flow out of the hot end. <H,> is more appropriately
defined later.

Regenerator | | Pulse Tube o
- — . = Reservoir
== —<H HW— <
—/ g —T | Orifice
<Hr> L—~{-—1-——’ L-_t_-;
X
Qc Qy
Figure 2-1. The OPTR system described by the model. Net heat flows considered

in energy balance are displayed.
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The energy balance for figure 2—1 begins with the first law of thermodynamics for a
steady—flow, open system,

Q = W + m(hout — hin), (2-1)

where Q is the refrigeration power, W is the rate of work produced by the fluid, t is the
mass flow rate in the tube, and h is the specific enthalpy of the fluid at the inlet or outlet.
We define enthalpy flow as

Hl = mh. (2-2)

For a pulse tube refrigerator with oscillating flow, the energy balance is

<Q> = <W> + A<H>, (2-3)

where all energy flows are averaged over one period of oscillation.

First consider the cold end of the system, shown on the left half of figure 2—1.
Because the system boundaries do not change (constant tube volume) and the P—V work is
accounted for in the enthalpy term, the work flow W is 0. The rate of heat flow into the
cold end then is equal to the change in the enthalpy flow,

Qc = A<H> = <H> — <H;>. (2—4)

The term <H,> is the average enthalpy flow into the system from the regenerator due to
regenerator ineffectiveness, conduction in the regenerator matrix and tube wall, and other
loss terms. Therefore, Q. represents the net refrigeration power available, while the
enthalpy flow in the tube <H> is the gross refrigeration power.
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The energy balance is then likewise applied to the hot end of the system in figure
2—1. Because flow through the orifice is assumed to be isothermal, the net enthalpy flow
over one cycle for the gas leaving and entering the tube is zero. Therefore, the rate at
which heat is rejected at the hot end is simply equal to the enthalpy flow in the tube or the
gross refrigeration power,

Qn = <H>. (2-5)

The energy balances in egs (2—4) and (2-5) reveal three interesting points about the
PTR. First, a unique property of this refrigerator is that the gross refrigeration and the
net refrigeration can be measured simultaneously. Second, if loss terms are negligible, Q.
= Qn, and the available refrigeration power can be measured at either end of the tube. It
is important to remember that the statement Qc= Qp represents only an energy balance on
the tube and not the entire refrigeration system. An overall balance would include the heat
rejected at the compressor. Third, given the ideal, adiabatic tube, there is no addition of
heat at any point in this region and the enthalpy flow must be constant.

The energy balances also show that the gross refrigeration power in the orifice pulse
tube can be modeled by developing an equation for the net enthalpy flow <H>; this is now

the task ahead.

The derivation begins with the equation
_ [oh oh
ah = [0, ar + [5B], eP, (2-6)

which shows the change in enthalpy as a function of T and P. For an ideal gas with
specific heat capacity at constant pressure Cp, it is a standard result of thermodynamic
theory that
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[%]T =0 and [-glfv]], = Cp = constant. (2-7)
Using these results, integration of eq (2—6) gives
h = h(T,) + Cp (T-To), (2-8)

where T, is some reference temperature. T, in this case is assigned to be the average
temperature T, of the gas at any point in the tube. The instantaneous temperature is
defined to be

T(x,t) = Ta(x) + Ta(x,t). (2-9)

Tgq is called the dynamic temperature, which is the amplitude of the temperature
oscillation and is a function of time and position. Therefore, specific enthalpy in eq (2—8)
becomes

Then multiplying all terms by m and using the definition of enthalpy flow,

Integration over one cycle of period 7 gives the average or net enthalpy flow. Because the
first term in eq (2—11) integrates to zero,
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<H> = (Cp/7) j: T4 dt. (2-12)

Thus far, it has been established for the ideal system that the average enthalpy flow
depends on the oscillations of mass flow rate and temperature, as shown by eq (2—12).
Both of these oscillations are assumed to be sinusiodal in time, and both are functions of
position along the tube. However, in order to satisfy the law of conservation of energy, the
average enthalpy flow along the adiabatic tube must be constant. An important test for
thermodynamic consistency in the model will be the cancellation of the postion dependency
in the product of th and Tg.

2.2 Phasor Analysis

Equation (2—-12) is a general expression for the average enthalpy flow in the OPTR
for an ideal gas. It shows that <H> depends on the interaction between the mass flow rate
and the dynamic temperature oscillations. Flow through the orifice affects the forms of
these oscillations and their interaction. Therefore, it is difficult to visualize and model
such oscillatory behavior without some simplifications.

The first step taken in describing the oscillations in the OPTR is to assume that the
pressure oscillation is sinusoidal in shape, which means the mass flow rate and temperature
oscillations also behave as sinusoids. This assumption is good for small ratios of dynamic
pressure to average pressure (Pg/Pa<<1) and greatly simplifies the mathematics involved
in the analysis. The second step taken to help visualize the interaction of the oscillations
of pressure, temperature, and mass flow rate is to represent the sinusoids as phasors.
Phasor analysis is commonly used to study currents and voltages in AC electrical networks
[25]. A phasor is a vector operating in "phase space" instead of in physical space. It has
magnitude and direction corresponding to the amplitude and phase angle of a sinusoid.

The phasor operates in the frequency domain and rotates at an angular velocity
corresponding to the angular frequency of the sine oscillation in the time domain. The
right side of figure 2—2 shows phasor A with magnitude | A| and angle 8. As time
progresses, the phasor rotates counter—clockwise and traces out the amplitude of the sine
oscillation on the left side of the figure. Since all the oscillations in the pulse tube have the
same frequency, their phasors will have the same angular velocity and maintain their
relative positions in the frequency domain. These vectors can then be manipulated by the
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Figure 2—2. Sine oscillation f(t) is produced in the time domain by rotating
phasor A in the frequency domain.

ordinary rules of vector geometry. A phase angle does not affect the form of the oscillation,
but only fixes the origin in time.

2.3 Phase Angles

Phase angles are used to describe the phase relationship between the various
oscillations in the pulse tube. According to eq (2—12), the average enthalpy flow is
determined by integrating the product of m and T4 over one cycle. If these quantities are
written in terms of sinusoids, the integral has the form,

I = [sinat sin(wt—9)dt, (2-13)

where 7 is the phase angle between the functions describing th and Tq4. Integrating eq
(2—13) over one cycle and dividing by 7 results in the following term:
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1
I =25 cos ¢. (2-14)

Since <H> is proportional to I, <H> is a maximum when ¢ = 0 and 1h and T4 are in
phase. Similarly, <H> = 0 when th and T4 are 90° out of phase.

In a physical sense, the angle 1 represents the relative time difference between the
occurrence of a flow rate maximum and the occurrence of a temperature maximum. % is
affected then by the relaxation periods of cooling and heating in the pulse tube. A shift
in phase in the BPTR takes place when the gas exchanges heat with the tube wall. In the
OPTR, a phase shift occurs when gas in the tube is expanded or compressed due to flow
through the orifice. Since the phase angle is an important parameter for enthalpy flow, it
is expected that the method of phase shift will produce a difference in performance between
the two pulse tubes. (See Describing the Refrigeration Process in chapter 4.)

2.4 Mass Flow Rate Equation

The development of an expression for the mass flow rate involves an energy balance
on the tube as shown in figure 2-3.

T Th
mc P, Vt , M t e mh
I l
x=0 x=L
Figure 2-3. Adiabatic pulse tube system with mass flows m, at the cold end and

mp, at the hot end.
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The system we attempt to model consists of an adiabatic tube with constant volume
Vi, pressure P, and a total mass of gas M. The mass moving in and out at the ends of the
tube mc and mp, maintain constant temperatures T and Tp. We assume no mixing of the
moving gas elements with bulk gas in the tube, which means the only effect of these mass
flows in the model is to change the pressure.

The energy balance for an open system with non—steady flow is

U_q-w-amg, (2-15)

where U is the total internal energy. For the tube with constant boundaries without heat
transfer between the gas and the tube wall, W = 0 and Q = 0. The energy balance then
becomes:

d(pVu

T + mphp — mehe = 0, (2-16)

where p is the gas density, V is the system volume, u is the specific internal energy, and hy
and h, are the specific enthalpies of the gas at the hot— and cold—end temperatures
respectively. Assuming an ideal gas,

P
u= CvT = Cv m, (2"17)
hy = CpTh, (2—-18a)
a.nd hc S CPTQ- (2““1 Sb)
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After substituting eqs (2—17) and (2—18) into the energy balance, and using V; for the
general system volume, the energy balance becomes

gﬁ\@ 4P _ Ty — T (2-19)

Defining < as the ratio of heat capacities Cp/Cy and rearranging eq (2—19) gives the result,

AT JE = T ph— e (2-20)

The left side of this equation represents the change in mass in the tube @éﬁ due to mass

flow in and out at the tube ends. Because of the temperature gradient along the tube and
the assumption of no mixing between the working fluid entering and leaving the tube and
the bulk of the fluid in the adiabatic tube, the total change of mass is written in terms of
the cold end temperature. Integrating the equation

dMy _ V¢ dP

dt ~ RTc¢dt

would not give the true total mass because it was assumed that mixing does not occur in
the tube. T}h/T¢ accounts for the effect of mass leaving or entering the tube at different
temperatures. The final result is

In terms of phasors the mass balance becomes
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P VR (2-22)
T = M Me

In order to avoid confusion in the representations of the oscillations of mass flow
rate, pressure, and temperature, phasors are represented by underlined upper case letters,
amplitudes are shown in just upper case letters, and functions in the time domain are
written in lower case letters. The phasor diagram depicting mass flow rates in the orifice
pulse tube is shown in figure 2—4.

The phasor M is taken as the reference phasor and assigned the value cos wt. All
other phasors, in terms of phase angle, are described in relation to this M¢. For example, 0
is the phase angle by which mass flow through the orifice My, lags the mass flow at the cold

end Mc.

-sin

-COS COS

sin

Figure 2—4. Phasor diagram of mass flow rate in the orifice pulse tube.
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The angle 8 is also the phase shift between Pgq and M, because laminar flow through
the orifice is proportional to the dynamic pressure. The sinusoid for the dynamic pressure
is written simply as

pa(t) = Py cos (wt—0). (2-23)

Pressure drop in the pulse tube is neglected and pressure is therefore a function of time but
not of position.

The angle between Mp(Th/T¢) and dM;/dt must be 90°, so dM./dt is proportional

to the pressure derivative dP/dt, as shown in eq (2—20). Figure 2—4 then gives an
important trigonometric relationship for phase angle 6:

cos = (Mn/Mc)(Th/Tec), (2—24a)

or sind=4 1 — (Ma/Mo)2(Th/Tc)? . (2-24b)

Another important feature of the phasor diagram in figure 24 is the total mass flow
rate, M. Mass flow rate in the tube is a function of temperature and pressure and therefore
depends on time and position in the tube. Total mass flow rate M varies from M, at the
cold end (x=0 in figure 2—3) to My, at the hot end (x=L). On the phasor diagram, M leads
M by the angle ¢ and lags M. by the angle 6—¢. In a physical sense then, ¢ represents
position along the tube. Mass flow rate at any point in the tube is given below with the
following boundary conditions:

m(x,t) = M(x)cos(wt—0+¢), (2-25)

where at x=0, ¢=0and M = M, (2—26a)

24



and where at x=L, ¢=0and M = Mj,. (2—26b)

2.5 Dynamic Temperature Equation

Along with the mass flow rate, the dynamic temperature will be used to establish
the enthalpy flow in the pulse tube. The development begins with the same energy balance
on the pulse tube shown in eq (2—15). This equation is written for a point x along the tube
and gives the result

=+ =0 (2-27)
Using the continuity equation,

0, 1 O _

F+ A g =0 (2-28)

and again the definitions of internal energy and enthalpy for an ideal gas (eqs (2—17) and
(2-18)), we obtain the following differential equation:

RT oP _RTm

aT
9t = OoP 9t ~ AP 5r (2-29)

S

If a small pressure ratio, (Pq/Ps << 1) is assumed, AP/P and AT/T are small and the
ratio T/P is equal to T,/P,. Equation (2—29) is then easily integrated over time to arrive
at the phasor representation of the dynamic temperature in terms of the dynamic pressure
(P4) and the total mass (M) moved past point x in one—half cycle,
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_RT RT, dT
Ta= TP, Pa— K—g]%; '55(—@ M. (2-30)

The phasor diagram for T4 is shown in figure 2—5, where 9 is the phase angle between T4
and the total mass flow rate M. The first term of eq (2—30) is expressed in the time
domain by substituting eq (2—23) for P4. An expression for M in the time domain is found
by integrating the total mass flow rate eq (2—25),

m(t) = (M/w)cos(wt—0+¢—7/2) (2-31)
-sin
L
-COS — f cos
CARY

P

M d
sin

Figure 2-5. Phasor diagram for dynamic temperature and components.
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The phase of M lags that of M by 90° and has a magnitude of M/w. The time domain
representation of the dynamic temperature is

Ta(x,t) = e [{;g] cos(wt—0) m% [gfié] cos(wt—0+ ¢—/2). (2-32)

2.6  Enthalpy Flow Equations (Models 1 and 2)

The average enthalpy flow is defined according to eq (2—12) as the integral of the
product of th(x,t) and Tq(x,t). Since the second term of T4 in eq (2—32) is 900 out of
phase with respect to th in eq (2—25), the product of these terms, will integrate to 0 over
one cycle. Therefore, the only contribution to <H> from the dynamic temperature is

_RT _
Tq= C)—p;fd . (2-33)
Substituting eq (2—33) into eq (2—12) gives enthalpy flow in terms of dynamic pressure,

.
<H> = %jom})d dt. (2-34)

Applying the time—domain expression for th and By results in an integral of the product of
two cosines,

<f> = BB yp / ’ [cos(wt—84¢)cos(wt—E]dt (2-35)
Th 4 Yo '

Performing the integration yields an expression for enthalpy flow in terms of the
time—average temperature profile in the tube T (x); the average pressure B, ; amplitudes
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of the mass flow rate and pressure M(x) and Py ; and the phase angle between M and By,

$(x):

<II> = %%3— MPB; cosg. (2-36)

The phasor diagram in figure 2—4 provides a simple, geometric expression for ¢,
cos¢ = (Mn/M)(Th /T ). (2-37)
M(x) and T, (x) cancel with the replacement of cos¢ in eq (2-36),

<f> = 5 RV (R /B ), (2-38)

and <H> does not depend on position x. Thus enthalpy flow becomes independent of
position, and energy is conserved.

Equation (2—38) represents the net enthalpy flow or the gross refrigeration power in
the OPTR. By rearranging this equation, several convenient dimensionless forms result.
The first dimensionless equation is

—<H> _Tp p ) (M /M) (T /T ), (2-39)
<m¢:>RTL

where <m¢> is the mass flow rate at the cold end averaged over 1/2 cycle. Equation
(2—-39) shows that enthalpy flow per unit mass flow is proportional to the pressure ratio
B /B, the mass flow ratio My/M,, and the temperature ratio T, /T . In terms of the
phase angle 6, this equation is simply
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._'<_H_Z__ = %(Bd /Pa )cosd. (2—40)
<me¢ >R’E

The set of eqs (2—39) and (2—40) is called Model 1; this set is independent of dead volume
in the system. These equations are useful for comparing performance per unit mass of the
pulse tube to that of other cryocoolers. ‘

For design purposes, an equation in terms of the swept volume of the compressor Vp is
desired. If dead volume in the system is neglected and if the compressor is assumed to be
isothermal at ambient temperature T, , the mass flow rate at the cold end is

Mc = Mcp = %Mcpw = %R; Ve W, (2‘41)
and so
<> = 2N, =2 Bee ¥ (242)

since w = 27v. Mcp represents the mass of fluid in the compressor and the maximum flow
rate M¢p occurs when one—half of Mg, has left the compressor. Substituting for <th¢> in
eq (2—39) results in the dimensionless form,

p = X (B /B)(Mu/Me). (2-43)
cp

Equation (2—43) is useful for determining the cooling power available from a given
compressor size. The refrigeration power for this case is proportional to the average
pressure, the compressor volume, the frequency, the dynamic pressure ratio, and the mass
flow ratio.

Another dimensionless enthalpy—flow equation can be developed for a pulse tube
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with constant volume V;. To do so, an expression relating the pressure ratio in the tube to
the volume of the tube must be derived. The derivation begins with eq (2—20) from which
the differential change in pressure due to mass flow at the tube ends can be derived. If the
relationships in the time domain for the oscillating mass flow rates dm, and dmy, are
substituted in eq (2—20), integration over time t results in the following equation for
pressure:

p(t) = %%; [TcMcsinat — ThMpsin(wt—6)]. (2—44)

The integration is performed assuming T¢ and Th to be constant, which means the change
in temperature for gas entering and leaving at the ends is small. The amplitude of the
pressure oscillation is the dynamic pressure By , and using phasor algebra, the following
equation is obtained:

. . o 1
Pa = 1. [T32 + TRNIR — 2TcTuMANy cosd]?. (2-45)

After we factor out M¢ and T¢, and we use eq (2—24) for cosd, the dynamic pressure
becomes

B = g%“—z- M_ sind. (2-46)

Substituting for M using eq (2—41) gives the pressure ratio in terms of the compressor
volume and the pulse tube volume,

R /B =4 (% /W) (T /T) sind. (2-47)
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The above equation is appropriate for a reversible, adiabatic process with zero dead volume

between the compressor and the tube.

After we use eqs (2—43) and (2—47), two dimensionless equations for enthalpy flow
for a given pulse tube volume can be written in terms of the dynamic pressure ratio and the

volume ratio:

:H>y _ ;; (B /B ). (Mn/Mo) (T /2 )[1-(Mn/Mo) (T /)7,

and

SV = § (% /%) (/5M0) (% /)1 — (¥0u/ M) (B /%) T /%

The equations can be simplified by writing them in terms of 4,

B> = TR /B coss,

B Vv
and P;S% = 7%(\{;,, /M )T /T )%sind cosd.

(2—48)

(2—49)

(2-50)

(2-51)

Equation (2—50) shows that the dimensionless enthalpy flow increases with the square of
the dynamic pressure ratio. If this ratio is constant, the enthalpy flow decreases as the

heat capacity ratio y of the working fluid increases. According to eq (2—51), enthalpy flow

increases with the square of the volume ratio and, if this ratio is constant, increases as 7y

increases. The set of eqs (2—43), (2-50), and (2-51) is called Model 2.
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2.7 Dead Volume in Pulse Tube Systems (Model 3)

Dead volume in pulse tube systems is very important for design. Up to this point,
the model of refrigeration power has ignored extra volume between the compressor and the
pulse tube. In real systems, this volume exists in connective tubing and in the regenerator
and will significantly affect performance. In the ideal system with no dead volume, ¢ =
hep. In the real system, mass must be used to pressurize the extra volume, which means
mass flow at the cold end will be less than the flow rate at the compressor. The smaller
mass flow results in a lower pressure ratio and a loss of cooling power.

A new equation for mass flow at the cold end will now be derived for a mass balance
on the dead volume between the compressor and the pulse tube. The system is shown in
figure 2—6, and the mass balance is

d_M__D/dt = _M__cp e _M__c- (2"'52)

The phasors in eq (2—52) are displayed on the phasor diagram for the mass flow rate in
figure 2—4. MDb is the mass of fluid in the dead volume which is assumed to be isothermal
at temperature T, . Therefore,

) _%2_ = Mcp — Me. (2-53)

Figure 2—6. Isothermal dead volume system between compressor and pulse tube.
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In terms of phasors, dead volume creates a phase shift, so M lags Mcp by the phase angle
a. The mass balance can be written in the time domain as

—}%ﬂ %g = Mcpcos(wt + a) — Mccoswt. (2-54)

Intégrating eq (2—54) results in an equation for pressure,

p(t) = 28 (Mpsin(ut + a) — Mesinat]. (2-55)

Again, phasor algebra provides an expression for pressure amplitude:

By = 20 (N2, + M2 — 2MopMocosalt. (2-56)

We make use of figure 2—4, and applying a trigonometric identity and the law of sines,
cosa is written in terms of 0,

coser = (Me + 2 sing) /M, (2-57)

where the amplitude of the change in mass in the dead volume is

T2 =g w (2-58)

Substituting eq (2—57) into (2—56) results in an equation containing the dynamic pressure
amplitude Py and the mass flow rate amplitude Mc,
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(Ri VD w)2 M2, + M2 — 2M, (%Il,\l’i w)sind. (2-59)

Equation (2-59), along with an expression containing By derived from a mass balance on
the pulse tube volume shown in eq (2—53), are then solved simultaneously to produce
expressions for Py /B, and M

B /B =5 (p/VD) sind(V¥)?, (2-60)
and Mo = 2 Mep (Ve/W ) (Tw/Te)/(V¥)?, (2-61)

where
V¥ = [(1/92)(Ve/W ) (Tu/Te) +{(2/7)(Ve/V )(T/To)+1}sin20].  (2-62)

V* is considered to be an effective volume ratio for an OPTR System with dead volume,
mass flow through the orifice, and an adiabatic tube.

After we substitute eqs (2—60) and (2—61) into eq (2—39) (using the definition
<me> = %r M_¢), the dimensionless enthalpy flow for pulse tube systems with dead volume

is
<H>

P;W""‘fl,%(?«i /B )(M /¥ ) cosd/ V¥, (2-63)

or
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<H>

v =71 (Ver/ VD)W /VD costhing/V*. (2-64)

~2[

Equations ( 2-63) and (2—64) are in the same form as that of eq (2—50) and (2-51)
and show enthalpy flow in terms of the pressure ratio By /B, and the volume ratio V;p /VD
respectively. They represent Model 3.

CHAPTER 3
EXPERIMENTAL INVESTIGATION

3.1 Test Apparatus

The experimental pulse tube apparatus was designed to provide both convenient and
accurate measurements of important parameters for the calculation of refrigeration power
and mass flow rate. A schematic of the apparatus is shown in figure 3—1. The regenerator,
pulse tube, and two units called isothermalizers are contained within the cryostat, while
the orifice and reservoir are located outside at room temperature. A vacuum of 102 P,
(10-4 Torr) or lower is maintained in the cryostat, and the components within are
surrounded by a copper radiation shield maintained at 77 K by an LNy bath. The hot—end
heat exchanger of the pulse tube, where measurements of gross refrigeration are made, is
carefully insulated from the radiation shield with several layers of aluminized Mylar.

All experimental measurements were carried out using a stainless steel pulse tube of
length 130 mm and diameter of 19.1 mm (¥ = 31.9 cm3). The isothermal ends of the
pulse tube consist of two copper caps filled with 80—mesh copper screen to ensure good heat
transfer between the gas and the cooling water. The screen also helps to align the flow in
the tube and decreases turbulence which degrades the temperature gradient. The volume
of each of the hot—and cold—end heat exchangers is about 10% of the pulse tube volume.
Conductive losses along the stainless steel pulse tube were calculated to be less than 1% of
the refrigeration capacity.

The regenerator was constructed of a stainless steel tube 19 mm in diameter by 127
mm long packed with 1050 discs of 150—mesh, phosphor—bronze screen. The void volume
in this regenerator was 21.6 cm3 and dead volume in the system between the compressor
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and the pulse tube was 50 cm3. The hot end of the regenerator had a water—cooled heat
exchanger made up of 80—mesh copper screens. This heat exchanger ensures that gas
entering the regenerator is at ambient temperature. The orifice consists of a 15—turn
needle valve and the volume of the reservoir located above the orifice is approximately
1000 cm3.

In previous work by Radebaugh, two isothermalizer units were inserted between the
regenerator and the pulse tube in order to isolate regenerator loss from intrinsic
refrigeration. The isothermalizers have a large thermal mass with high heat capacity to
prevent temperature oscillations. There is excellent heat transfer with the working fluid
which flows through two small, annular gaps 178 um thick. In past experiments, the two
isothermalizers were maintained at the same temperature by cooling the first with No
boil—off and heating isothermalizer 2 with an electrical heater. Heat removed from
isothermalizer 1 represents the regenerator loss, and heat supplied to isothermalizer 2
rep‘resents the net refrigeration power. In this work, isothermalizer 1 was not cooled since
only measurements of gross refrigeration at the hot end of the pulse tube were needed.

The reciprocating compressor was valveless and nonlubricated with a total swept
volume of 290 cm3. The variable—frequency drive used was capable of providing
frequencies up to 12 Hz.

3.2 Measurements and Calculations

Figure 3—1 indicates points in the apparatus where temperature and pressure were
measured. A variable reluctance pressure transducer was located at the hot end of the
pulse tube, near ambient temperature, to measure the absolute pressure oscillation. A
similar pressure transducer is used in the isothermalizer 2, where flow is laminar and
essentially isothermal, to measure pressure drop for calculation of the mass flow rate in the
pulse tube. Since the isothermalizer is at the cold end temperature, the temperature
dependence of the transducer sensitivity was determined in a previous experiment [23].
The sensitivity was found to vary by less than 13% between 300 K and 77 K so this
variation was ignored. However, the zero setting of the pressure transducer changed
significantly with temperature and was therefore reset for each new measurement. A third
pressure transducer of the piezoresistive type was used to measure the absolute pressure
oscillation in the reservoir volume. The uncertainty in each of the readings of the three
pressure transducers was +1 mV (1 kPa).
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Figure 3—1. Schematic of test apparatus.
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The three pressure oscillations, along with the temperature oscillation in the pulse
tube (see temperature experiment), were collected on a processing digital oscilloscope. The
oscilloscope is capable of reading voltage with 12—bit resolution and an accuracy of +0.75
percent.

Absolute temperatures at the cold and hot ends of the pulse tube were measured
with diode thermometers accurate to +1 K. The difference in temperature between the
water inlet and outlet in the hot end heat exchanger was measured with a type—T
(copper/Constantan) thermocouple.

An equation for the mass flow rate <rh¢> at the cold end of the pulse tube was
developed to account for density and viscosity variations with temperature. Measured
values of the pressure drop AP and the pressure ratio B, / Pf across the laminar flow

element in the isothermalizer are used as follows:

<thg> = [—42’2—] [—%— + 1] ,Ti\‘lz);" (3-1)

where p, is the density of the gas at the average pressure and at Tz, pc is the viscosity at
T , and Z¢ is the flow impedance for the annular gaps in the isothermalizer. The factor Z¢
was determined experimentally from AP data at different flow rates. Equation (3—1) is
valid for laminar flow, and the derivation is shown in Appendix A.

Flow of both He and N3 through the isothermalizer remains laminar for mass flow
rates up to about 2.5 g/s. For helium, flow rates were never greater than 2 g/s; however,
the flow rates with nitrogen were much higher and turbulent flow was encountered.
Therefore, eq (3—1) could not be used for N9, and a trial-and—error procedure was
necessary to solve for the mass flow rate. This procedure is presented in Appendix A.

The mass flow rate through the orifice can be expressed simply as the amount of
mass moved in one direction divided by one half the period. For an ideal gas, adiabatic
flow, and a small pressure oscillation in the reservoir, the average flow rate is proportional
to the change in pressure in the reservoir as follows:
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. _Amp _ 2APV
<mn> = T8 = 3RTero (3-2)

where V; and T, are the volume and temperature of the reservoir, AP, is the difference
between the maximum and minimum pressures in the reservoir, R is the gas constant, and
7 is the period. Because a significant amount of gas is moving through the orifice at a high
velocity, adiabatic flow is a good assumption. Also, the pressure variation in the reservoir
was very small (AP./P; < 0.02), so eq (3—2) is valid for this pulse tube system. The
derivation is shown in Appendix A.

Gross refrigeration. was found by measuring the flow rate m and the temperature
change AT of the water flowing through the cooling coil at the hot end of the tube
according to the equation

Q = mCpAT, (3-3)

The measurements of gross refrigeration were accurate to £7%.

In order to calculate the efficiency of the pulse tube, it is necessary to find the work
input rate W. Because the compressor used to drive the pulse tube was not designed
specifically for this work, it is oversized and inefficient. Therefore, the electrical power
input to the compressor motor is not a good measurement of the work input required by
the pulse tube. However, by calculating the ideal thermodynamic work input from
pressure measurements, losses associated with the regenerator and the compressor are
bypassed and only the efficiency of the cooling process is measured. This is the best
method for comparing the efficiency of the OPTR to that of other refrigerators.

The input rate of ideal thermodynamic work is determined from the measurements
of the mass flow rate oscillation at the cold end mc(t) and the absolute pressure oscillation
in the pulse tube p(t). For a closed cycle the work input is

W = pdV, (34)
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where V is the volume of the gas in the compressor, and is derived from the gas density and
me(t). The work input over one cycle is

W = fo p(t) tht dt. (3-5)

The average rate of work input is found by dividing by the period,

.
<w> =1 J p(t) VL) 4. (3-6)

The coefficient of performance
(COP)pt = <Q>/<W>, (3-7)

of the pulse tube can then be calculated using time—averaged values of Q and W, and
compared to the COP for a Carnot cycle to determine the thermodynamic efficiency
relative to Carnot efficiency:

n = (COP)pi/(COP)c = [<Q>/<W>][T¢/(Th—Tc)]- (3-8)
Here, 7 is the thermodynamic efficiency only for the cooling process in the pulse tube and is

useful for comparison with other refrigeration cycles.

All calculations for mp(t), me(t), V(t), and W were performed on the processing
digital oscilloscope.
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3.3 Effect of Pressure on Performance

The analytical model indicates that the average pressure and the ratio of dynamic
pressure to average pressure are two important parameters in describing enthalpy flow in
the orifice pulse tube. These pressure parameters have not previously been studied
experimentally. The objective of this experiment is to verify the dependency of
refrigeration power on P, and P4/P, as predicted by the model. Equation (2—-50) shows
that refrigeration power is a linear function of P, and a quadratic function of Pq/P,. This
equation is particularly convenient since dimensionless enthalpy flow is in terms of pulse
tube volume and not compressor volume. The working volume of the compressor in the
experimental apparatus was varied in order to obtain data at different pressure ratios.

Refrigeration capacity was measured on the same OPTR as described earlier. The
frequency and the cold end temperature were kept constant at 6 Hz and 200 K, and the
orifice valve was set at three turns unless otherwise noted. The first set of measurements
was made at average pressures of 0.5, 1.0, and 1.5 MPa, with mp/m¢ = 0.28 and Pg/P, =
0.29. Care was taken to assure that the compression ratio in these measurements was
constant because, as will be shown, the refrigeration capacity changes rapidly with Pq/P,.

In the second set of measurements, the average pressure was kept constant at 1.0
MPa. The pressure ratio Pq/P, was varied from 0.9 to 0.39 with mp/m, = 0.26. Different
compression ratios were achieved by adjusting a bypass valve between the inlet to the
refrigerator and ballast volume.

The results of this set of experiments are compared to the analytical model
represented by eq (2—50). This dimensionless equation is expressed in terms of the pulse
tube volume, which is constant throughout this work. The model shows that refrigeration
power is proportional to the average pressure. The experimental results are shown in figure
3—2. Even though tests were conducted at only three different pressures, the data points
fall very close to the best—fit line, with a coefficient of correlation r2 = 0.99. The plot
clearly demonstrates the linear dependence of refrigeration power on the average pressure,
as predicted by the analytical model.

The results of experimentally varying the pressure ratio compare equally well with
the theoretical model. Equation (2—50) shows that the refrigeration power increases with
the square of P4/P, and figure 3—3 confirms this result. For this plot, r2 = 0.99 and the
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best—fit curve shown by the solid line has an exponent of 2.10.

3.4 Effect of Working Fluid on Performance

The second experiment was designed to determine the effect of a different working
fluid on performance of the OPTR. Up to this point, helium has been used in all
experiments. Nitrogen was chosen as the second working fluid, and refrigeration power was
measured for comparison with the helium data. Recall that eq (2—51) of the analytical
model shows that dimensionless enthalpy flow increases with 7, the ratio of heat capacities,
for a constant ratio of compressor volume to pulse tube volume (V¢p/Vy). Equation (2—50)
shows that enthalpy flow increases with 1/~ for a constant ratio of dynamic pressure to
average pressure (Pq/Pa). In order to test eq (2—51), measurements with nitrogen were
taken at the same volume variation of the compressor (bypass valve completely closed) as
previously used with helium. The pressure ratios for this case were Pg/P, = 0.39 for
helium and P4/P, = 0.27 for nitrogen. Then, to test eq (2-50), the compressor volume
variation was decreased (bypass valve partially open) and refrigeration measurements were
made with helium at the same pressure ratio as nitrogen. The average pressure was kept at
1.0 MPa with v = 6 Hz and T = 200 K as before.
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Figure 3-2. Experimental measurements of refrigeration power as a
function of the average tube pressure.
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Figure 3-3. Experimental measurement of refrigeration power as a
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A typical sample of the data used for comparison of the two working fluids
(including the refrigeration power and important system parameters) is presented in table
3—1. Care was taken to keep the system parameters as nearly constant as possible for each
case. For instance, with nitrogen it was necessary to open the orifice valve to 10 turns in
order to match the mass flow ratio attained with helium at three turns of the valves. The
first set of helium data in table 3—1 (Q = 18.1 W) is for the case of constant P4/P, and the
second set of data (Q = 29.9 W) is for the case of constant V¢p/Vy.
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Table 3-1. Experimental refrigeration power and system
parameters for Ny and He

(V%) (g)c (kPPaa) (}lfz) Pq/Pa  mn/mc 7y

N» 14.8 200.0 1059 6.08 0.28 0.18 1.40
He 18.1 200.0 1052 6.10 0.29 0.24 1.67

He  29.9 200.0 1069 6.07 0.29 0.20 1.67

The experimental and analytical results are displayed in table 3—2 as ratios of
refrigeration power for convenient comparison. The first column in table 3—2 shows that
about 1.2 times more refrigeration capacity was measured for helium than for nitrogen with
constant P4/Pa. Also, about twice the capacity was measured for helium with a constant
Vep/Vi. The third column of Table 3—2 shows the ratios predicted by the model. For
constant volume ratio, eq (2—51) says QH e/ QN2 = 'yHe,’ N, = 1.103; while for a constant

pressure ratio, eq (2—50) says QHe QN2 = 7N2/ e = 0-838 when other system parameters

are held constant. Although values of Pa, v, P4/Pa, and mp/m for the different cases are
nearly equal, the differences are large enough to affect the refrigeration ratios. Therefore
the experimental ratios were corrected for these differences and are shown in the second
column of Table 3—2. Calculations for values in Table 3—2 are given in Appendix A.

The corrected refrigeration ratio for constant P4/P,, 0.848, nearly matches the ratio
predicted by the model, 0.838. This indicates that eq (2—50) gives a valid description of
the dependence of refrigeration power on the working fluid. Since QH of QN2 = 7N2/ THe’

nitrogen produces a slightly larger refrigeration capacity than helium for the same pressure
ratio.

On the other hand, the corrected refrigeration ratio for a constant V¢p/Vy, 1.856, is
much larger than the ratio 7He/ Ny = 1.193 as predicted by the model. However, we

suspected that, even though the same setting of compressor volume was used for both
nitrogen and helium, the effective volume ratio may not have been the same. A short
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Table 3.2. Comparison of refrigeration ratios

(Qpze/ U EXP  (Qze/ Ay JEXP, (Qpe/ Q)

Model
constant (Pa/Ps,) 1.226 1.8481  0.838
constant (Vep/Vi) 2.026 1.8561 1.103

1These experimental values are corrected for slight differences between the
He and Nj runs in Py, v, P4/Pa, and mp/me

experiment was devised to test this idea.

The test consisted of measuring the pressure ratio in the pulse tube and at the
outlet of the compressor for both helium and nitrogen with the apparatus running at room
temperature. Because of the volume of the regenerator, two isothermalizers, and a
significant amount of volume in the connective tubing between the compressor and the
pulse tube, a significant pressure drop exists for flow between these two components.
Therefore we anticipate that the pressure ratio in the pulse tube would be less than that in
the compressor. The measurements shown in table 3—3 confirm this idea, and they also
show that the pressure drop was significantly greater for nitrogen than for helium.

The larger pressure drop associated with nitrogen is attributed to the fact that the flow for
nitrogen in the regenerator and isothermalizers was turbulent. Since nitrogen has a much
larger density and a slightly lower viscosity than helium, the mass flow rates for nitrogen
were about five times greater than those for helium (see eq (3—1)). While flow for helium
was clearly laminar with a Reynolds number of about 800, flow for nitrogen became
turbulent with a Reynolds number of about 10 000. The large flow rate of nitrogen then
translates into a large pressure drop, as shown by the following equation:

_ mReul
AP = 'g—,,ﬁ’;—n;f- (3-9)

45



Table 3-3. Pressure ratios

(Pa/Pa) (Pa/Pa)
Compressor  Pulse Tube
He 0.50 0.42
N2 0.54 0.35

The problem with a large pressure drop is that less gas volume is moved through the pulse
tube which in turn decreases the amount of refrigeration produced. The considerable
difference in volume of nitrogen moved compared to that of helium explains the high
experimental value for QHe/QN> in table 3—2. Therefore it is not possible to directly
verify the dependence of refrigeration power on 7 for constant V¢p/V with the present test
apparatus. However, since eq (2—50) and (2—51) are essentially different forms of the same
eq and (2—50) was verified, we think that (2-51) is also valid.

3.5 Effect of Frequency and Mass Flow Ratio on Performance

Pulse frequency and mass flow ratio are two more parameters that needed to be
studied to further verify the analytical model. However, experimental work was not
necessary in this case since useful data were available from experiments previously
performed by Herrmann and Radebaugh in 1986 [23], [24]. These experiments were carried
out on the same apparatus as used in this study and under the same working conditions.
Three different pulse tubes were studied for which refrigeration power was measured at
different frequencies and different orifice settings for cold—end temperatures down to 80 K.
The data used for comparison with the model were taken for a pulse tube with different
dimensions but with the same volume as the tube tested here.

Refrigeration power as a function of frequency is plotted in figure 3—4. The data
were carefully chosen to be sure that only the frequency was varying and that other
parameters, P, P4/P,, T¢, and mp/m,, important to the refrigeration power were kept
constant. According to the model, the refrigeration power increases linearly with the
frequency. This is exactly the result seen in figure 3—4, in which three of the measured
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Figure 3—4. Measurements of refrigeration power as a

function of pulse frequency.

data points fit the best—fit line with r2 = 0.99. The fourth point at 11.5 Hz deviated
greatly from the linear behavior; however this measurement was taken at a different P4/P,
and, once corrected, also conformed to the same linear dependence.

The fact that the refrigeration power exhibits a linear dependence on the frequency
indicates that the average enthalpy flow in the tube is constant over one cycle. For T; =
150 K, Py = 1 MPa, P4/P, = 0.39, and mp/m¢ = 0.32, an enthalpy flow of approximately
3 J/cycle was observed. The more cycles that can be completed in a time period the
greater the enthalpy flow rate. Theoretically then there is no optimum frequency. Of
course in practice this is not true since pressure drop and ineffectiveness in the regenerator
degrade performance at the higher frequencies. There is also a limit imposed by the flow
impedance of the orifice valve in which further increase in the frequency decreases flow
through the orifice.

A second parameter that was studied using data from previous experiments is the
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mass flow ratio mp/m.. Measurements were taken with the orifice valve open to 1/2, 1, 2,
and 3 turns giving a range of flow ratios from 0.2 to 0.75 at v = 6 Hz and P4/P, = 0.4.
The model says that Q has a linear dependence on my/m¢. The plot of experimental data
in figure 3-5 for T, = 188 K, v = 6 Hz, P, = 1 MPa, and P4/P, = 0.40 confirms this
behavior. The data provide an excellent linear fit with a coefficient of correlation of r2 =
1.00. It is puzzling that the plot seems to show that for mp/m¢ = 0 (orifice closed), the
refrigeration power will be zero. Although small compared to refrigeration power with the
orifice open, cooling has certainly been observed with the orifice closed; this is due to small
but nonzero heat transfer between the gas and the tube wall.

€0 T T T T
Dependence of Refrigeration Power
on Mass Flow Ratio
50|- -
T =188 K
vV =6 Hz

401 R, =1.0 MPa

P, /P, = 0.40

10

REFRIGERATION POWER, W
@
o
|

oL | | | |
0 0.2 0.4 0.6 0.8 1.0
M, /M,
Figure 3—5. Measurements of refrigeration power as a

function of the ratio of mass flow through the orifice
to mass flow due to the compressor.
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3.6 Measurement of Gas Temperature Profile in the Pulse Tube

The temperature oscillation is important for understanding the cooling mechanism
in the OPTR. From the development of the model, the time—averaged gas temperature T,
and the phase angle ¢ between the temperature oscillation and the mass flow rate
oscillation are important parameters in determining the enthalpy flow. Measurements of
the gas temperature profile in the tube would allow for the calculation of the actual
enthalpy flow as a function of position in the tube. Temperature measurements would also
provide useful information on the behavior of the dynamic temperature T4 and phase shift
1 along the tube.

A probe was devised to sample gas temperatures at different points along the tube.
The probe consists of a type E, Chromel/Constantan (nickel—chromium/copper—nickel)
thermocouple attached to one end of a 3 mm diameter stainless steel tube. Since an
accurate measurement of the amplitude of the dynamic temperature is desired, a foil type
thermocouple, 0.0127 mm thick, was chosen to provide a fast response. The response time
was calculated to be 8 ms, which is an order of magnitude less than the heat transfer period
available during operation at 6 Hz. The thermocouple tip extends 1 cm from the end of the
tube, which was sealed with epoxy. The temperature probe was inserted into the pulse
tube through an O—ring seal at the top of the cryostat as shown in figure 3—6. The gas
temperature could be sampled at any position along the tube during operation and
measurements were generally made at 1 cm intervals.

Four temperature profiles were measured with the orifice opened to three turns for
cold—end temperatures of 275, 200, 150, and 110 K. One profile was measured with the
orifice closed at 200 K. Each measurement consisted of approximately six cycles of the
temperature oscillation which were collected and stored on the digital oscilloscope. Care
was taken to make sure the system was at equilibrium when the data were collected and
also that T, was the same for each measurement along the tube. The temperature profiles
are for helium at an average pressure of 1.0 MPa and a frequency of 6 Hz.
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Figure 3—7. Average gas temperature as a function of position

in the tube for different cold end temperatures with the
orifice open.

The first set of results obtained from these measurements is the time—averaged
temperature profiles. Figure 3—7 shows average temperature vs relative position in the
tube for the four cold—end temperatures with the orifice open. The circles represent
measurements taken with the thermocouple probe, while the squares represent
temperatures measured with the diode thermometers on the isothermal heat exchangers at
the ends of the tube. The average gas temperature changes linearly over the middle 60% of
the tube. We anticipate that the true gas temperature at the hot end would be slightly
above the hot—end temperature measured by the diode due to the finite AT needed for heat
transfer. For the same reason, the gas at the measured cold end should be slightly cooler
than the cold—end temperature. However, the slopes of these profiles are great enough to
put the points just before the two ends well above the hot end temperature and well below
the cold end temperature. In contrast, figure 3—8 shows that the temperature profile with
the orifice closed is much flatter than that with the orifice open. For T, = 200 K, the slope
of the profile with the orifice open is twice as large as the slope with the orifice closed. In
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the orifice open and the orifice closed.

order to show that the profiles all have basically the same shape, a normalized temperature
was plotted as a function of position for each case in figure 3—9.

The theoretical and experimental temperature oscillations at different points in the
pulse tube are presented in figure 3—10. The theoretical oscillations were calculated using
eq (2—32) and show the sinusoidal behavior assumed in the model. The temperature
amplitude predicted by the model basically increases linearly from the cold end to the hot
end. However, the experimental temperature exhibits a large amplitude at the center
of the tube with much smaller amplitudes at the ends. This behavior is attributed to the
isothermal heat exchangers which fix the end temperatures. The oscillation at the cold end
in figure 3—10a has very broad peaks with amplitudes less than half of those of the
theoretical oscillations. The oscillation at the hot end in figure 3—10a has maxima with
sharp peaks with about the same magnitude as the sine oscillation, while the minima are
much flatter. The temperature oscillation for the center in figure 3—10b shows considerable
deviation from sinusoidal behavior with sharp maxima and broad minima.
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pulse tube where TL and TH are the low and high values
respectively of the data set.

The temperature oscillation at the center of the tube is also shown in figure 3—10b
for operation with the orifice closed. Theory predicts that the amplitude for this case will
be slightly smaller than for the case with the orifice open since the average temperature
and the temperature gradient are smaller. The experimental amplitude for operation with
the orifice closed is about four times smaller than that with the orifice open.
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Figure 3—10.
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CHAPTER 4

DISCUSSION OF RESULTS

4.1 Assumptions in the Model

In this analytical development, several basic assumptions are used to simplify the
analysis. Some of these assumptions are very good for typical pulse tube systems while
others place some serious limitations on the resulting enthalpy flow equations. A
comparison of theoretical and experimental values of refrigeration power reveals that
values calculated from Model 1 (eq (2—40)) are between 3 and 6 times greater than gross
refrigeration measurements. Figure 4—1 shows a plot of the ratio of theoretical to
experimental refrigeration power as a function of cold—end temperature. Similar plots are
shown for Model 2 (2-50) and Model 3 (2—63), in figures 4—2 and 4—3. The ratio of
theoretical to experimental values for the model which neglects dead volume is between 8
and 12 while the ratio for the model which accounts for the effect of dead volume is
between 3 and 6. After the various assumptions in the model are examined, an explanation
is offered for the difference between the experimental and theoretical values of refrigeration
power.
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Figure 4—1. Ratio of theoretical refrigeration power to experimental

values as a function of cold—end temperature for
<H>/<M>RT..
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Best—fit lines are plotted in figures 4—1, 2, and 3 to show the general trend of
increasing divergence of the theoretical and experimental values with decreasing
temperature. The uncertainty in the refrigeration power ratios is +7%.

The first assumption made in the model is that the working fluid is an ideal gas.
The typical gas used in the pulse tube is helium, which behaves ideally at temperatures
above 50 K. Ideal behavior is expected for the system in this work since temperatures
below 100 K are not encountered. The next assumption made is that the pressure
oscillation is a function of time only. This simplification is valid in this case since the pulse
frequencies used were not high enough to cause pressure fluctuations along the tube. The
model also describes a system at equilibrium, which means that both the cold—end
temperature and the average temperature gradient in the tube are assumed to be constant.
These conditions would not exist during system cool—down.

The assumption of an adiabatic tube makes the model specific to the orifice pulse
tube. The absence of heat transfer between the gas and the tube wall means that cooling
occurs only due to expansion in the tube from flow through the orifice, and that entropy is
constant in the tube. This is the ideal case for the OPTR since heat transfer can actually
be detrimental to performance [23]. With operation at relatively high frequencies and a
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Figure 4—2. Ratio of theroretical refrigeration power to

experimental values for the model neglecting dead volume.
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large tube diameter, the adbiatic assumption is reasonable since the thermal penetration
depth is proportional to 1/y/ ». For a system with helium at 300 K and operating at 6 Hz,
the thermal penetration depth is about 1 mm. The thermal penetration depth assuming a
flat plate is ¥ = 1 /4/mpCpr. This value is small compared to the 10 mm radius of the tube
used in this work. Therefore, the assumption of an adiabatic tube is appropriate for the
system.

The most important simplification in the model is the assumption of sinusoidal
behavior for the pressure oscillation. This assumption means the temperature and mass
flow rate are also sinusoids. The mathematics is then greatly simplified and phasor
analysis can be used to describe the oscillations. In the real system, the volume variation
in the compressor is the true sinusoid and not the pressure which varies as 1/V. However,
for small compression ratios (P4/P5<<1), the pressure approaches a sinusoidal behavior.
In the test apparatus, compression ratios of up to Pg/P, = 0.44 were observed, which is
probably the upper limit for small Pg/P,. Therefore slight deviation from a sine oscillation
was expected and was observed for the experimental pressure. The pressure oscillation had
a sharper peak than a pure sine oscillation which contributes to the decrease in magnitude
of the experimental enthalpy flow. However, the behavior of the pressure oscillation affects
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only the magnitude and not the dependencies of the enthalpy flow on the different
parameters.

Since there is significant dead volume of about 50 cm3 in the test apparatus, the
model which assumes no dead volume is not very realistic. A comparison of Figures 4—2
and 4—3 gives an indication of the effect of dead volume on the performance of the pulse
tube. The model which neglects dead volume predicts an enthalpy flow more than two
times greater than the model which accounts for dead volume. Data from the gross
refrigeration measurements as well as the calculated values from the models are shown in
Appendix B.

Probably the most limiting assumption in the model is that the tube is infinitely
long; therefore neglecting end effects. The sinusoidal behavior of the various oscillations as
discussed above is actually valid only for the center of the tube. The temperature at the
ends of the tube are fixed by the isothermal heat exchangers, which flatten the oscillation,
and cause a significant deviation from sinusoidal behavior. The end effects are noticeable
in a comparison of the experimentally measured temperature oscillation with the sine
oscillation predicted by theory in figure 3—10a. The smaller experimental amplitudes at
the ends contribute to the difference between the theoretical and experimental refrigeration
power.

Since the enthalpy flow in the model is the gross refrigeration power (as shown in
the development of the energy balance eq (2—5)), assumptions neglecting losses such as
those due to conduction, heat leaks, or regenerator ineffectiveness are not necessary.

4.2 Describing the Refrigeration Process

From the experimental measurements of the temperature oscillation, two very
useful plots which characterize the OPTR can be constructed . The first plot, presented in
figure 4—4, shows the average temperature profile in the tube along with experimental and
theoretical profiles of the dynamic temperature. The solid line follows the plot of the
experimental time—averaged temperatures in the tube for T¢ = 200 K; the slope is very
steep for operation with the orifice open. The broken lines represent temperature
amplitudes for the system according to eq (2—32) of the model. The dashed lines show the
experimental amplitudes. As observed before, the actual amplitude above the average
temperature is very large in the center of the tube, much larger than predicted by theory.
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Below the average temperature, the theoretical curve nearly matches the actual values.
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The large dynamic temperature and the steep average temperature profile can be
explained by looking at the gas in the tube center. Due to the motion of the piston, gas in
this region moves back and forth but does not leave the tube. As the gas moves, the
temperature gradient moves with it, alternately moving gas at the hot—end temperature
and then gas at the cold—end temperature to the middle of the tube. The greater gas
displacement with the orifice open than that with the orifice closed explains the steeper
temperature gradient observed in the OPTR as compared to the BPTR. It is
understandable then why there exists an optimum orifice setting in the OPTR. The larger
the orifice, the greater the expansion of gas in the tube. However, if the orifice is too large,
gas will travel the entire length of the tube and the temperature gradient will deteriorate.
In effect, the quantity of gas in the center of the tube acts as a buffer between the two ends
preserving the temperature gradient. The buffer gas in the OPTR tube seems to act as a
"gas displacer" and to play a role very similar to the displacer in the Stirling refrigerator.

The second plot using the experimental temperature oscillation is shown in figure
4-5. Gas temperature is plotted against the mass of gas moved in the tube. The three
cases displayed here are for the cold end, the hot end, and the center. This figure is
referred to as a T—m di‘agram and is analogous to the P--V diagram commonly used to
study thermodynamic systems. Just as the area in a P—V diagram represents the work per
cycle in a system, the area in a T—m diagram represents the enthalpy transported per
cycle. Figure 4-5 gives a good description of enthalpy flow in the OPTR. The enthalpy
flow at the cold end is characterized by a large amount of mass with a very small dynamic
temperature. Enthalpy flow in the center of the tube is due to a smaller amount of gas but
with a very large temperature amplitude. The hot end has the least mass transported with
intermediate temperatures.

At this point, an attempt is made to describe the refrigeration process in the PTR
in both a physical and a thermodynamic sense. The BPTR and the OPTR operate on
similar thermodynamic cycles. The process consists of heating due to adiabatic
compression, a shift in phase between the mass flow rate oscillation and the temperature
oscillation, and then cooling due to adiabatic expansion. The experimental temperature
measurements, however, have shown that there is a significant difference in the average
and dynamic temperature profiles in these two refrigerators. Also, the difference leads to
greater refrigeration power in the OPTR. Figure 4—6 shows the temperature as a function
of position in the tube to help illustrate the difference in the refrigeration process. The
difference is in the method of phase shift. The BPTR relies on heat transfer to the tube
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Figure 4-5. T—m diagram characterizing enthalpy flow at the hot end,
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wall to cool the gas after the compression phase while the OPTR relies on the expansion of
gas in the tube due to flow through the orifice to cool the gas. The cooling and therefore
the phase shift in the BPT are limited to the temperature of the tube wall. Figure 4—6
shows how the gas in the OPT can be cooled below the wall temperature (2—3). During
flow through the orifice back into the tube (4—6), the gas is heated above the wall
temperature. This behavior is confirmed experimentally by the large dynamic
temperatures seen in figures 4-2 and 3—10b. The larger temperature amplitudes generated
by the orifice result in a larger enthalpy flow. In figure 4—6 the greater area enclosed by
the path on the left explains qualitatively why refrigeration power is greater in the OPT.
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Another method of describing the refrigeration process in the orifice pulse tube
involves a T—S diagram. It is impossible to represent pulse tube refrigeration on a T—S
diagram in the traditional sense since each element of gas in the system follows a different
path. For example, the buffer gas in the center of the tube traces out a simple vertical line
on the T—S diagram since it experiences only the constant entropy processes of adiabatic
compression and expansion. The gas which moves in and out of the ends of the pulse tube
is more interesting. Figure 4—7 shows a T—S diagram for an element of gas which enters
and leaves the cold end of the tube. Starting in the compressor at point 1 in the figure, the
gas is cooled to the cold end temperature as it is moved by the piston through the
regenerator and the cold end heat exchanger (1-2). The gas then experiences adiabatic
compression in the tube and follows path (2—3). At this point, the gas in the OPTR
follows path (3—4) and is cooled by adiabatic expansion due to flow of other gas elements
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cycle of an element of gas at the cold
end of the tube.

out the orifice and into the reservoir. The path corresponds to path (2—3) on the T—x
diagram in Figure 4—6 where gas moves toward the hot end as it cools below the average
temperature. In the BPTR, however, cooling occurs at constant volume (3—4'), due to
heat transfer with the tube wall and is limited to the wall temperature. The piston then
moves gas back toward the cold end and the element of gas cools adiabatically from 4 to 5
in the OPTR and from 4'to 5' in the BPTR. The gas flows back through the cold—end
heat exchanger and heat is absorbed at constant pressure along the paths (5—6) and
(5'-6'). The gas completes the cycle back at point 1 in the compressor. The area under
the curves (5—6) and (5'—6') represent the refrigeration power generated in the OPTR and
BPTR, respectively. Just as shown in the T—x diagram in figure 4—6, the area is greater
for the OPTR than for the BPTR.
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If the theory of operation described above in figures 4—6 and 4—7 is correct, we will
find that heat transfer in the OPTR is detrimental to performance. That is, heat transfer
would limit the dynamic temperature in the OPTR and decrease refrigeration capacity.
This is exactly the behavior observed by Radebaugh and Herrmann in their 1986 work.
They showed that the OPTR operated better at high frequencies where heat transfer is
insignificant [23]. Also, in this work, a significant loss of performance in the OPTR was
observed when the temperature probe was inserted into the tube. The farther the probe
was inserted, the greater the loss of refrigeration power. (See data in Appendix B) The
loss of performance is attributed to the increase in heat transfer area.
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4.3 Optimizing the Orifice Pulse Tube Refrigerator

For design the most useful expression resulting from this analytical study is eq
(2—64). This equation is written in terms of important design parameters including
compressor swept volume, pulse tube volume, dead volume, average pressure, pulse
frequency, and mass flow rate through the orifice or phase angle . We must realize,
though, that this equation describes only the pulse tube itself and does not account for the
effect of regenerator parameters on the optimum pulse tube configuration. An effort to
determine the optimum relationship between regenerator and pulse tube volumes was
conducted by Chowdhury and Radebaugh [26].

Figure 4—8 shows dimensionless enthalpy flow from eq (2—66) as a function of
mass—flow ratio for different cold—end temperatures. The gés temperature at the hot end
(T, ) was approximately 350 K for this system. For a given temperature ratio, refrigeration
power increases as flow through the orifice increases due to the expansion of gas in the
tube. However the effect of the expansion is offset by a decrease in the compression ratio
R /R, and a maximum in refrigeration power results. The point at which the maximum
occurs is the optimum mass—flow ratio and depends on the temperature ratio and the ratio
of pulse tube volume to dead volume. Of course the magnitude of the maximum is a
function of the compressor size or V;p /W . For figure 4-8,

Vp /W = 1.

The effect of mass flow through the orifice on the pressure ratio is
displayed in figure 4—9. This series of plots for different compressor sizes (Vp /Wb ) and
pulse tube sizes ( /W ) show By /B, as a function of phase angle . When the orifice is
closed, # = 90° and Py /B, is at a maximum. As the orifice is opened, My/M_ increases
while @ and By /B, decrease. Plots 4—9a through 4-9d can be used to predict the
approximate pressure ratio obtained in a given pulse tube system for T, /T = 3. The
curves in these plots, constructed from eq (2—60), predict values of By /B, about 5 times
greater than experimental measurements. The expression for Fy /B, which neglects dead
volume, eq (2—47), predicts values about 10 times greater than experimental
measurements.

Another important series of plots is shown in figure 4—10. Dimensionless enthalpy
flow from eq (2—64) is plotted versus the volume ratio V; /W for six different values of
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cp /W and four different cold end temperatures. These plots show a maximum in
refrigeration power and the optimum pulse tube volume can be determined for a given
compressor size, dead volume, and cold end temperature. For comparison, the optimum
Vi /W for . =80 K (T, /T =4) predicted by the model is 0.22 while the experimental
ratio was 0.20 [26]. This experimental ratio was calculated using the pulse tube system in
reference [26]: regenerator IV with = 7.35 cm3 and T = 81 K.

The plots shown in figures 4—10a through 4—10d can be constructed for different
values of phase angle . The model, however, predicts that the maximum refrigeration
power occurs in the limit as the phase angle # and pulse tube volume ; approach 0. In the
context of the model, this result is reasonable. The maximum expansion in the tube occurs
when 8 = 0 and the maximum pressure ratio occurs when { = 0. However, lower limits
on pulse tube volume and orifice opening size are defined for a real system by the need to
preserve the temperature gradient in the tube. As explained previously, performance
decreases when the so—called buffer gas leaves the tube, which occurs if the tube volume is
too small or the phase angle is too small. The optimum phase angle for any pulse tube
system was determined to be 30° from the experimental data shown in the Appendix B.

One important point to keep in mind when applying the curves in figure 4—10 is
that the value of W is dead volume at ambient temperature. Dead volume which exists at
the cold end of a system must be corrected for temperature to obtain a realistic value of

¥ /v
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CHAPTER 5
CONCLUSIONS

The analytical study presented here has contributed to our understanding of the
refrigeration mechanism and the capability of the pulse tube refrigerator. We have learned
that there are significant differences between the mechanism of the OPTR and the BPTR.
Heat transfer between the tube wall and the fluid is undesirable in the the OPTR since it
degrades the dynamic temperature and therefore the gross refrigeration power. The BPTR,
however, relies on heat transfer to create the heat pumping effect. Clearly, flow through
the orifice generates greater refrigeration power and gives the OPTR more potential for
practical application that the BPTR.

The energy balance used in this analytical development reveals that both net and
gross cooling power can be measured in the PTR unlike other cryocoolers, . We have also
learned that the enthalpy flow analysis and the use of phasors are convenient and effective
methods of analyzing pulse tube systems. This approach can be generalized and should be
a useful tool for the study of other regenerative refrigerators.

An obvious test for validity of an enthalpy flow analysis is conservation of energy.
The enthalpy equations generated in this work satisfy this requirement since they predict
constant enthalpy flow along the adiabatic tube.

Experimental results also support the validity of the model. The dependence of
refrigeration power on average pressure, pressure ratio, frequency, and mass—flow ratio
predicted by the model matches experimental data. Furthermore experiments and the
model agree that helium produces the best performance when used for the working fluid for
the OPTR.

The refrigeration powers predicted by the model, however, are at best 3—6 times
greater than experimental measurements. The difference is attributed to the simplifying
assumptions made in the derivation of the model in order to obtain closed solutions. These
assumptions include laminar flow in the pulse tube as well as through the orifice, sinusoidal
variations in pressure, temperature, and mass flow rate, and an infinitely long tube. In
order to improve the analytical model and our understanding of the OPTR, further
experimental investigation is required. One recommendation for such work is a study to

73



characterize flow in the pulse tube to determine the effects of turbulence due to oscillating
flow and a tube of finite length.

The result of including dead volume in the enthalpy flow analysis is an increase in
the complexity of the equations and a factor of 2 decrease in the refrigeration power
predicted by the model. Dead volume is therefore an important parameter to consider in
the design of PTR systems.

The refrigeration power measurements taken in this work are consistent with
previous results. For example, at 200 K with a pulse tube volume of 30 cm3, a gross
cooling power of 34 W and an efficiency of 17% of Carnot efficiency were measured. These
values match results reported by Herrmann and Radebaugh in 1986 [23].

The plots generated from the model and presented in Chapter 4 are useful for
approximate design of an OPTR system. The system described here consists only of the
pulse tube itself. The regenerator is treated only as dead volume in the system. Before an
overall system can be effectively designed and optimized, the relationship between the
regenerator and pulse tube volume must be more clearly understood.
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APPENDIX A
DERIVATIONS
A.1  Derivation of <m¢>: Flow Through Annular—Gap Isothermalizer

Assumptions: Ideal gas, laminar flow

dP/dx = f (1o/Ag)/2pmn &)
f= 24/Re = 24/(4ra/u)(m/Ag) = 6u/ru(ta/Ag) @)
dP/dx = 3u (/Ag)/pri2 3)

th = (pra2Ag/3u)(dP/dx)

= (1n2Ag/3uRT)P(dP/dx) (4)
Integrate:

<m> = (rn2Ag/3uRT) (Pn2-P12)/2L

= (ru2Agp/64L) [(Pn/P1) + 1] AP ()
For Isothermalizer 2:
= t/2 t = annular gap thickness
Ag = wt w = annular gap width

Flow Impedance:
Zt = 12L/wt3 (6)

<m¢> = (pwt3/24uL) [(Pn/P1) + 1] AP

<me> = (p/2) [(Pa/P1) + 1] (AP/pZs) (7)
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A.2  Derivation of <mp>: Flow Through Orifice

Assumptions: Ideal gas, adiabatic flow, (AP/P) <<1

<> = Am/(7/2) = (2/7)(me-m;) 1)
m; = P,V/RT, (2)

my = PyV/RT, (3)

T, = Ty (Py/Py)(1 /7 (4)

mj = (V/RTy) Py (Py/Py) 1=/ (5)
<> = (2/7) y; [Pe(Pe/P) =Py (6
= (2/7) grhe [(Pa/Py)/ 7] (™)

= (2/7) Y [(AP/Py + 1)/ 1) ®)

Using a binomial expansion for small AP,

<tn> = (2/7) Rhv H— "%E:“} (9)
<tp> = (2/7)_7%‘}‘1’— (o)

A.3  Mass Flow Rate Through Isothermalizer 2 for Turbulent Flow

Since flow rates with N2 are so high, flow will not be laminar. Therefore, an
expression for AP with the friction factor and the impedance factor Zs must be found.
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AP = f——gp—];h—- (m/Ag)?

Re = —2Ih (m/Ay)

T
. A, = Re
WA =~
- Lm Rep  _ mRep L
AP =t A, I =~ 8p  Apri?
_ ¢+ mR L
AP = {2t
12 L
Zr = wt3

Trial and error procedure:

(1) Guess m (in turbulent region)

(2) Calculate Reynolds No., Re = 4(m mlﬁglrh

(3) Find Fanning Friction Factor from Fig. 7—4 in Kays and London

(4) Calculate AP

AP = fR, = —gr‘h 4,
€ p
Z¢ = 6.870 x 105 cm3

Py (10 atm, 200 K) = 132x 107 Pa-s
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Pr, (10 atm, 200 K) = .01721 g/cm3

(5) Compare experimental and calculated values of AP

(6) Adjust m accordingly and repeat

A4 Calculation of Refrigeration Power Ratios for Table 3—1.

Experimental:

Constant (Vp /M ):

Que/QNs = 58 = 2.0%6

Constant (R /B ):

Que/Qry = BT = 1226

Experimenta.l Corrected:
Constant (Vp /M ):

s = (ol Vil

[+

- o ()69 1

= 1.856
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Constant (By /B, ):

(Q%/QNg):MM B /B )2\,

(hn/mhe)He

= 0.848

Model:

Constant (Vp /V ):

QHe/QN2 = JHe/Ng 1:67 = 1.1929

Constant (By /B, ):

[a—
g

0.8383

QHe/QN2 = 7}{8/7N2 — __7

|
.
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APPENDIX B
EXPERIMENTAL DATA

B.1  Experimental Data Showing Effect of Heat Transfer on
Gross Refrigeration Power in OPTR

Te Position of Gross
Temp. Probe ' Refrigeration
(K) (cm from W)
hot end)
149.9 0 19.95
150.0 6 19.54
149.9 13 17.83
199.5 0 32.61
200.0 3 30.36
200.0 6 29.15
200.0 10 28.67
199.9 13 27.19

B.2  Experimental Optimum Phase Angle

The following equation is developed from the phasor diagram in figure (2—4) and
gives @ in terms of measureable quantities:

<dM/dt>
<mp>(h /T)

Tan ¢ =

<dM./dt> = %R\'T{é_w .
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Experimental Data for Calculation of Optimum Phase Angle

Data Set Te <Mh> <dMy/dt> ©
No. (K) (8/s)  (8/s) (deg)
82.0 0.0817 0.150 40.2
1 79.9 0.1225 0.3240 29.1
95.2 0.1943  0.2452 17.8
122.4 0.1334 0.2746 33.9
2 126.4 0.1772  0.2427 24.8
134.4 0.2119 0.2170 20.2
151.3 0.2688 0.1814 15.2
146.5 0.0803 0.2561 51.2
3 130.8 0.1242  0.2440 34.4
128.0 0.1517  0.2240 26.7
129.3 0.1791  0.2060 21.6
90.4 0.0971 0.3918 44.2
4 71.6 0.1124 0.4066 34.6
78.1 0.1640 0.3084 21.4
98.5 0.0505 0.2752 55.0
5 74.0 0.0869 0.2681 31.3
87.3 0.1404 0.2140 19.5
131.3 0.2140 0.1591 14.6
153.9 0.0999 0.3122 52.0
6 135.3 0.1367 0.3005 38.4
125.4 0.1529  0.2853 32.0
122.4 0.1686 0.2657 27.2
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B.3 Experimental and Theoretical Data

Te Freq P, Pq/Pa M, My /M, Tn/Te
(K) (Hz)  (kP,) (8/s)
110.0 6.098 1198 0.307 2.579 0.132 2.909
150.0 6.061 1016 0.355 1.731 0.184 2.167
150.0 6.098 1206 0.350 2.344 0.157 2.167
150.0 6.135 779 0.337 1.053 0.227 2.167
150.0 6.061 575 0.262 0.636 0.250 2.167
150.0 6.061 1205 0.348 2.328 0.160 2.167
150.0 6.061 1200 0.351 2.256 0.172 2.167
189.0 6.135 1236 0.387 2.288 0.181 1.799
200.0 6.098 1072 0.388 1.924 0.199 1.700
200.0 6.098 1039 0.330 1.365 0.223 1.700
200.0 6.024 1071 0.201 0.734 0.330 1.700
- 200.0 6.098 1072 0.323 1.452 0.335 1.700
200.0 6.098 1025 0.292 1.115 0.300 1.700
200.0 6.098 1057 0.321 1.855 0.203 1.700
200.0 6.061 1076 0.388 1.883 0.184 1.700
200.0 6.061 1085 0.388 1.424 0.327 1.700
200.0 6.024 1089 0.325 1.905 0.248 1.700
84.9 5.98 1252 0.290 4.4 0.11 3.651
85.0 6.02 1245 0.301 4.190 0.095 3.647
95.6 5.98 1204 0.307 3.44 0.16 3.295
95.5 6.06 1188 0.319 3.200 0.126 3.298
120.0 6.06 1146 0.346 2.170 0.220 2.667
119.8 6.02 1135 0.364 2.000 0.148 2.671
119.5 6.06 1156 0.336 2.34 0.23 2.678
151.1 5.95 1247 0.367 2.05 0.29 2.151
151.1 5.05 1250 0.379 1.970 0.240 2.151
188.5 5.88 1222 0.385 1.3 0.54 1.804
187.2 5.85 1223 0.396 1.250 0.460 1.790
187.5 5.95 1225 0.410 1.170 0.280 1.787
209.8 5.95 1155 0.397 1.25 0.53 1.668
234.7 6.02 1221 0.420 1.090 0.490 1.534
234.7 6.02 1220 0.445 1.090 0.280 1.532
235.7 6.09 1218 0.409 1.07 0.58 1.527
274.1 6.02 1211 0.421 1.03 0.66 1.368
273.6 6.13 1213 0.433 -1.020 0.530 1.371
275.0 6.06 1215 0.440 0.942 0.410 1.364
275.1 6.09 1217 0.460 0.905 0.230 1.363
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B.3 Experimental and Theoretical Data (Continued)

EXP

a:/RTc  Modell  Th/Exp Exp Model 2 Model 3 Th/Exp  Th/Ex

(J/g) 2<H>/mcRT Ratio  Qgross <H> <H> Ratio 2 Ratio

W W W)

0.0337 0.1852 5.49 9.94 134.86 65.29 13.57 6.57
0.0686 0.2223 3.4 18.51 183.23 74.85 9.90 4.04
0.0546 0.1870 3.43 19.95 184.09 73.64 9.23 3.69
0.0816 0.2604 3.19 13.40 166.54 71.01 12.43 5.30
0.0666 0.2229 3.35 6.60 103.99 45.62 15.76 6.91
0.0551 0.1895 3.44 20.01 185.25 74.26 9.26 3.71
0.0573 0.2055 3.59 20.15 200.02 80.91 9.93 4.02
0.0635 0.1979 3.12 28.54 241.96 83.14 8.48 2.91
0.0852 0.2062 2.42 34.08 229.92 76.39 6.75 2.24
0.0713 0.1965 2.76 20.23 212.39 71.62 10.50 3.54
0.0649 0.1820 2.80 9.9 200.26 75.27 20.23 7.60
0.1080 0.2889 2.67 32.61 322.22 120.50 9.88 3.70
0.0770 0.2339 3.04 17.84 249.42 89.68 13.98 5.03
0.0845 0.1740 2.06 32.60 191.33 63.71 5.87 1.95
0.0703 0.1906 2.71 27.54 212.09 69.88 7.70 2.54
0.0938 0.3388 3.61 27.76 380.08 140.77 13.69 5.07
0.0707 0.2152 3.04 28.00 240.86 82.69 8.60 2.95
0.0297 0.1830 6.17 11.52 108.80 60.18 9.44 5.22
0.0325 0.1638 5.04 12.03 97.63 53.08 8.12 4.41
0.0374 0.2542 6.79 12.80 161.10 88.87 12.59 6.94
0.0433 0.2083 4.81 13.84 131.82 69.32 9.52 5.01
0.0658 0.3189 4.85 17.80 240.81 122.98 13.52 6.91
0.0483 0.2260 4.68 12.03 167.68 77.86 13.94 6.47
0.0578 0.3251 5.62 16.80 246.61 128.78 14.68 7.67
0.0875 0.3596 4.11 28.17 359.72 166.54 12.77 5.91
0.0865 0.3073 3.55 26.78 308.17 132.60 11.51 4.95
0.1253 0.5890 4.70 31.92 680.49 569.65 21.32 17.85
0.1132 0.5121 4.52 27.53 593.68 310.54 21.56 11.28
0.0715 0.3222 4.51 16.30 381.17 142.16 23.38 8.72
0.1249 0.5514 4.42 34.04 658.69 371.90 19.35 10.93
0.1400 0.4959 3.54 37.22 689.09 279.74 18.51 7.52
0.0919 0.2998 3.26 23.13 416.86 128.50 18.02 5.56
0.1591 0.5691 3.58 41.70 801.56 427.01 19.22 10.24
0.1587 0.5971 3.76 46.57 922.75 476.58 19.81 10.23
0.1472 0.4941 3.36 42.70 777.33 274.66 18.20 6.43
0.1059 0.3864 3.65 28.53 605.07 180.11 21.21 6.31
0.0680 0.2265 3.33 17.61 357.20 93.80 20.28 5.33
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